A DISTRIBUTED ALGORITHM FOR COOPERATIVE MULTFAGENT LOCALIZATION WITH
RELATIVE MEASUREMENTS

Prabir Barooah Wm. Joshua Russell Joao P. Hespanha

Technical Report
Dept. of Mechanical and Aerospace Engineering, Univ. ofiEo

Abstract—We propose a distributed algorithm for collaborative  obtain accurate position estimates in GPS-denied scenario
localization of a number of mobile agents in the absence of G Although considerable success has been reported in dévglop
We assume that individual agents can obtain their own odomey such systems, due to the inherently high noise levels inaive r

measurements, and certain agents can measure their relagv d ¢ ¢ timati ith ti .
positions with other agents. All these are instances of nagis odometry measurements, estimation errors grow with time in

“relative measurements” between nodes in a measurement goa  the absence of GPS fixes [3-5].
whose nodes correspond to past and current positions of the It is possible to reduce localization errors if information

agents. The centralized optimal estimator (best linear unlased on relative positions between pairs of robots are available
estimator) of the agent positions given these measurementsn Such measurements can be obtained by vision-based sensing

produce estimates with much higher accuracy than what is pas- . -
ble by integrating odometry measurements alone. The propesi (c@Meras, LIDARs) and RF sensing (angle of arrival and

algorithm is designed to approximate the centralized optinal ~received signal strength). These measurements, althaxigyy n
estimates, and it is distributed in the sense that every agén furnish information about the agent’s locations in additio

only needs to communicate with its neighbors. The proposed tg that provided by odometry measurements. The problem
algorithm also produces a smoothed estimate of past posifis of ¢ f,5ing information on relative positions between mobile
the agents. Effectiveness of the proposed algorithm is ilgirated . . . : .
through simulations. agents for estimating their locations is commonly known
as cooperative localizationn the robotics literature [6-8].
The typical approach is to use an extended Kalman filter to
|. INTRODUCTION fuse both odometry data and robot-to-robot relati&ance

Mobil N N h d d measurements [8, 9]. In the sensor networks and control
obrie autonomous agents such as unmanned groun roq Eﬁature, the problem of distributed Kalman filtering irulti
and unmanned aerial vehicles (UAV)s that are equipped wi

. . . ) ;Ii ent systems has drawn quite a bit of attention [10-13].
on-board sensing, actuation, computation and commuaitat

- . o tallrhe papers [10, 11] in particular present a distributed Keadm
capab|I|t|_es hold grgat promise for.a.lpphcatlons. such awgsu filtering techniques for multi-agent localization. The pafl4]
lance, d|sa.ster- relief, _and scientific exploration. Irms!we addresses cooperative localization in mobile sensor mksvo
of _the application, .the|r successful use generally regunim with intermittent communication, in which an agent updates
ability for the mobile agents to obtain accurate estimaties

. " " i's prediction based on the agents it encounters.
their positions as well as the positions of landmarks, esent P . ) g .
or targets that they detect. Although typically positiofioin In this paper we examine the problem of cooperative local-
mation is provided by GPS, in many scenarios GPS may &tion fromrelative positionmeasurements as a parameter
available only intermittently, or sometimes not availahtell. €Stimation problem, where the parameters to be estimated
GPS denial may occur due to jamming (in hostile scenarig®) time ¢ are the unknown robot positions up to that time,
or operation in urban canyons. In such situations, agents @&d the measurements available are the measurements of
estimate their current positions by integrating measurgsngf  '€lative positions between certain pairs of robots as well a
relative positions between current and past instants, waie 0dometry measurements. The optimal linear estimator,dhe s
obtained by IMUs (inertial measurement units) or/and visigc@lled BLUE (best linear unbiased estimator), has a coevni
sensors [1-3]. Such measurements are generally referad t§tructure that can be described in terms of a graph congistin
odometrymeasurements. of nodes (agent locations) and edges (relative measursjnent

Recently, there has been intensive effort in fusing thENis structure can be exploited to distribute the compotati

odometry information from both IMUs and vision sensors t8Y Using parallel iterative methods of solving linear eera.
We assume that every agent has an on-board compass so that
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tive Biotechnologies through grant DAAD19-03-D-0004 fréhe U.S. Army  Cartesian reference frame.
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93106. ing the optimal estimates requires that all the measuresnent



(agent-to-agent as well as odometry measurements of all thee instantst € {1,2,...} an agent measures its relative
agents) are made available to a central processor. Sucpoaition with respect to a set of nearby agents. Denoting
centralized approach requires routing data though an ad-ty =;(¢) the position of the;" entity at timet, and we
network of mobile agents, which is a difficult problem [15]can associate the positiods} U {x;(7)}, 7 € {1,...,n},
Therefore, we are interested in a distributed scheme tleatsl 7 € {1,...,¢} of the entities until timet with the nodesof
agents to estimate their positions accurately throughllo@measurement grapB(t) = (7 (t), £(t)). The edgesE (¢)
computation and communication instead of relying on a eéntiof the graph correspond to the relative position measurésnen
processor. between the node® (t). In this problem we have four types

This paper proposes an algorithm that can be employ@trelative measurements:
by the agents in a robotic team to estimate their positionsl) inter-agent measurementsieasurements of the relative
by fusing robot-to-robot relative position measuremenith w position between two mobile agents at a given timef
odometry measurements. The algorithm is distributed, @ th the formd¢;(;) j(r) := xi(7) — x;(7) +¢, wheree denotes
sense that each agent estimates its own position, and all the some measurement error.
information needed to carry out the computation is obtained2) GPS measurementsneasurements of the relative po-
from local sensor measurements and communication with  sition of one mobile agent with respect to a global
nearby agents. We assume that every agent can exchange reference, of the formy;(7) — zo + €, wheree denotes
messages with another robot if it can obtain a relative mosit the error in GPS measurements.
measurement with respect to that robot. The amount of infor-3) odometry measurementsieasurement of the displace-
mation that agents have to exchange and store is also limited ment of a mobile agent between two consecutive time
The algorithm builds upon our earlier work on distributed instants, of the fornd; -y ;(r—1) := (1) —2; (7 —1) +e.
localization of static agents [16, 17] We assume that the noise sequences affecting the measure-

We show that a significant improvement in localization agnents listed above (though we have suppressed time depen-
curacy can be achieved by employing the proposed algorithgiancy etc. for simplicity) are white, zero mean, uncoreslat
compared to pure dead reckoning. The estimates producedagh one another, and are possibly non-stationary. We agsum
the algorithm (estimated from Monte-Carlo simulationsg athat agent has an on-board compass so that these relative
seen to be quite close to the variance of the optimal estimatgosition measurements are expressed in a common Cartesian
In addition, the proposed method providesoothedestimates reference frame.
of past positions of agents in real time. Accurate past fposit  All measurements mentioned above are of the type
estimates of agents are needed, for example, to geotag data
collected by their sensors, or to geolocate events detetted Ce = Ty — Ty + € 1)

the best of our knowledge, our algorithm is the first to ackie\,harew, andv are nodes of the measurement graiih) and
distributed sm_oothlng for muI_n-agen; localization. ¢ = (u,v) is an edge (an ordered pair of nodes). In particular,
The centralized BLUE estimator is closely related to thg, edge exists between a node paiand v if and only if
Kalman filter estimates; in fact the two are the same undgrie|ative measurement of the form (1) is available between
certain circumstances. This is due to the fact that the 1in6ds two nodes. Since a measurementzof— =, is different
. v

minimum mean-square error (LMMSE) estimator is the samg)  that ofz, — x,, the edges in the measurement graph are
as the BLUE when the prior covariance is infinite [18], whilg};.ccted. The edge directions are arbitrary.

the Kalman filter computes the LMMSE in a recursive way. e assume that if an agent can measure its position relative
The proposed algorithm can therefore be thought of asi@ gnother agent, it can also exchange messages with that
distributed Kalman filter for agent localization (see [18Hbr ent, and that the resultirgommunication graphas well
related work). An additional benefit of the proposed methadk o measurement gragiit) is connected at every time
is that it provides a smoothed estimate of past agent IdmtioFigure 1 shows an example of a measurement graph and a

Thg rest of th? paper is organized_ as follows. Section dbmmunication graph created by the motion of four mobile
describes the estimation problem precisely, and SectlateH agents.

scribes c_entrahzed optimal esFlmatlon in measure_merprg;rg The problems of interest are: (1) to accurately estimate the
and provides an example that illustrates the benefits ofr@pti positions of the agents and targetst), j € {1,...,n} at the

estimation in multi-agent localization. Section IV debes ., rent timet, and (2) to accurately estimate the positions of

the proposed algorithm, and simulations are presented jponts and targets at some specific time instaint the past

Section V. (i.e., 7 < t), from the noisy relative position measurements

available until the current timeé The estimation scheme is to
Il. PROBLEM DESCRIPTION be distributed in the sense described earlier.
Consider a group of. mobile agents that need to estimate

their own positions with respect to a geostationary co@®n ||| BLU ESTIMATION FROM RELATIVE MEASUREMENTS

frame, whose origin is denoted hy. In the absence of GPS,

we arbitrarily fix the initial position of one of the agentsys

the first agent, as the origin. We assume that at certainedesc

We briefly review BLU estimation from relative measure-
jnents for graphs that do not change with time. The BLUE

is optimal (minimal variance) among all linear unbiased es-
LDraft note: Put more citations. timators. Consider a fixed measurement grépk- (7, ),



t=5
(b) Comm. at times.

(a) The measurement grapt{5) at time5s.

Fig. 1. (a) An example of a measurement graph generated asuli of
the motion of a group of four mobile agents. The graph showe &G (5),
i.e., the snapshot at th&" time instant. The unknown variables at current
time t = 5 are the positionsc;(7), ¢ € {1,2,...,4}, at the time instants
7€ {1,2,...,5}, except for the initial position of robot k1 (1), which is
taken as the reference. (b) The communication graph at fime

0 5 20

2°(in méters)
(@) The measurement graph at time= 20
with 5 agents, initially arranged along the
axis, with agentl being the “bottom-most” and
agent5, the “top-most”. Dashed lines represent
relative position measurements between agents
and solid lines represent odometry measure-

ments.

30
where the nodes ir/ correspond to variables and edges in »5l st
Z correspond to relative measurement between node variables _ ”w...w""
of the form (1). LetV,. C %/ denote the non-empty subset of @20— st o
nodes whose variables are known, which are calgdrence APRL oo ) |
variables, andn = |7 \ %,| be the number of unknown iggg{in?clackoning
variables that are to be estimated. lkebe the dimension of 10 ]
each variable (e.g4 = 2 if only z- and y-coordinates are 5l
of interest). Letx € R™ be the vector obtained by stacking

together the unknown variables. As described in [17], given % ) 20, % 70 50
a measurement graph with unknown variables, the BLU

; IO ; ; ; (b) Error in the position estimate of agehtith
estlmf_;ltex is given by the solution of a system of linear optimal estimation and dead reckonings (t)
equations

is the optimal error covariance of the position
estimate of agend at timet.

Lx=Db, 2

wherel, € R*¢*nk gndb e R"* depends on the measuremerﬁig. 2. The measurement gra@j(t) as a funct‘ion of time untik = 20
created by the motion ob mobile agents (Figure (a)), and the error

graphg, the measurement error covariance matri€ese €  covariances of their position estimates with two differenéthods - dead
%, the measurement§,e € £ and the reference variablesreckoning and optimal estimation from the relative measemts (Figure

; [P ; ; (b)). Dead reckoning does not use the relative position oreasents between
r,r € V. The matrixL is invertible (so that BLU estimate agents. As the plot in (b) shows, the optimal estimator restiee error growth

X" eXiS.tS and is unique) if and only if for every node, there i§gnificantly by using the agent-to-agent relative positneasurements.
an undirected path between the node and at least one rederenc

node [19]. Under this condition, the covariance matrix af th

1 i —— Sk OGKY) I .
estimation erroi := cov(x*,X") is given by measurements and these two parameter values, as explained

v 3) in [17]. GPS is assumed not available, so the initial positb
agentl is fixed as the global reference. The covariance of the
optimal estimation error (based on the relative measurésjen
of agents is compared with that obtained from dead reckoning
in Figure 2(b). The plot shows that the optimal estimator
that combines both forms of relative measurements achieves
We first provide an example of how the growth of error iy much lower error than what is achieved by dead reckoning.

localization from odometry can be reduced by using the opti- this example demonstrates the benefits of collaborative
mal estimation method described in the previous sectiomwhg .aization (using optimal estimation from relative meses

multiple agents are present. Figure 2(a) shows an example,af
the measurement graph that is created by the motioA of
autonomous agents. The agents are initially arranged imea li
along they-axis with 10m separation between pairs. Relativd’roposition 1. Let n agents move in a way that the resulting
position measurements (both odometry and agent-to-agent) measurement graph at tinteis ant x n rectangular grid. If
obtained by the agents from measurements of range and antjle.error covariance of each relative measurement is unifgr
We assume the range and bearing measurements are affelbtethded, then the error covariance of the (centralized) BLU
by a additive white Gaussian noise with standard deviatioastimate of a robot’s position at time &(¢/n) + O(log(nt)).

o, = 0.5m and oy = 11°, respectively. The measurementf each robot estimates its position by integrating its o@étm
error covariances are estimated from the range and beanngasurements alone without using inter-robot relative mea

The reader is referred to [17, 19] for the detalils.

A. BLU estimation reduces error propagation

nts), even with a small number of agents.
The proof is provided in the Appendix.
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Fig. 4. The subgrapb(4) of agentl at time4, for the measurement graph
shown in Figure 1.

The nodes in a local subgragh(¢) are divided into two
Fig. 3. Motion of four agents that produces a measurememhgaa timet categories - theternal nOdeSVj(t)lm and theboundary nodes
which is at x 4 2D grid. V;(t)PY. The internal nodes are the nodes that correspond
to the positions of the agent up and including tiheThe
boundary nodes consist of the nodes in the local subgraph tha
surements, the error in its position estimate at titrie ©(¢). correspond to the positions of the neighboring agents. Thus

(#) = 9 (£)N U 97, (#)bd (£}t A g7 ($)bdy —
Note that the notatioy(z) = O(p(x)) means that there V() = V()™ U ;)Y and v; ()™ N V()Y = 0.
exist positive constants,,a such thatg(z) < ap(z) for To explain the algorithm, imagine first that the agents have
all z > z,. Similarly, g(z) = Q(p(z)) means there exist Stopped moving at timé,.,. We have proposed a distributed

a positive constants;,,b such thatg(z) > bp(x) for all algorithm in [17, 20] for localization of static agents that
r > z,. The notationg(z) = O(p(x)) means that both is based on the Jacobi iterative method of solving linear

g(z) = O(p(z)) andg(z) = Q(p(x)) are true. equations [21]. If agents stop moving, they can use the Jacob

algorithm to compute the optimal estimate of its entire fosi

Remark 1', A measurement graph of the kind.specified 'History in distributed manner. We describe the procedure
the proposition results when the agents move in a way thak

. . . A iefly, which will serve as a stepping stone into developing
the neighbor relationships do not change with time (e., thy,o proposed algorithm.

one shown in Figure 3). This result shows that asymptoticall 1) Static estimation aty.,: Let o be the global reference

(t large), BLUE estimation with inter-robot measurementsy e consider the set of past positions of ageantil time
reduces the error variance by a factor ef the number of tatops 1.6, {T0, v € {Vj(tstop)int\{o}}' The vector of the node
robots. variables in this set is denoted ly,,, . The set of unknown
node positions at time,., is U;X; .- Let X;...(7) be

the estimate ok, ;. obtained by agenf at time 7, where

T > tgop. These estimates are obtained and improved using

the following distributed algorithm, starting with an arary
Our goal is to devise a distributed algorithm to obtaifhitial condition:

position estimates of the mobile agents/targets that argecl
to the centralized BLU estimator described in the previous o .
section. By distributed we mean every agent should be ablel) 't broadcasts the current estimatg, ,, (7) to all of its

to estimate its own position, and all the information needed ”e'ghbo””g agenAts. Consequently, |t_also recelvt_as the
to carry out the computation should come from local sensing current estimates;(r) from each of its neighboring
and communication with its neighboring agents. Two agents__ 296Nt

. . . ; i ) bdy
are said to be neighbors if they are able to exchange messagéd !t (2gent) assigns the boundary nodes;(tsop)
wirelessly. Here we describe such an algorithm. as the reference nodes of its local subgrapl¥s:op)
and sets the reference variables to be the estimates of

o those node variables that it has recently received from
A. Infinite memory its neighbors. With this assignment of reference node

We first describe the algorithm by assuming that every agent ~ variables and with the relative measuremefifs, e €
can store and broadcast an unbounded amount of data. We will Z;(tstop)}, agent;j then sets up the system of lin-
relax this assumption later. ear equations (2) for its local subgragh(ts.p), and

For every agentj, let #/;(t) contain all the nodes that solves these equations to obtain an updated estimate of
correspond to the positions of itself and the positions @f th ~ Xj,t..., (7 + 1) of its “internal” node variables.
agents with whony has had relative measurements, up to ankhe procedure above is repeated by all the agents at every
including timet. Let £;(¢) be the subset of edges i{(¢) that time instantr = top, tstop + 1, - - .. O

are incident on nodes that correspond;t® current or past  The following result about the behavior of the estimates

positions. By assumption, the relative measurements €  follows from the convergence property of the Jacobi altonit
£;(t) are available to agent at time ¢. We now define the (see [17, 20]).

local subgraphof agentj at timet asG;(t) = (V;(t), £,(t)).
Figure 5 shows the subgraphs of ageh&nd?2 at timet =4  Proposition 2. The estimates of all the node variableS:.,,)
corresponding to the measurement graph shown in Figure (i.e., all agents’ past positions up to tinig,,) converge to

IV. A DISTRIBUTED ALGORITHM FOR DYNAMIC
LOCALIZATION

At time 7 (> tg0p), €very ageny does the following.

4



. . . o ) : 22(2) (3
its centralized optimal estimate; ..., (1) — X" as (1 — (1) ® 23(3) ®
tstop) — OQ. O
As a result, if agents stop moving, by communicating with (1 21(2) \ 21(3)
its neighbors and updating sufficiently many times, an agent i = N )
can obtain an estimate of its entire position history that is - =2 =3 = =2
arbitrarily close to the optimal estimates. (@) G1(3): the local subgraph  (b) At time 4, agent1 still uses
Now we are ready to describe the algorithm when agents of agent 1 at times. subgraphgy (3) to improve its

are mobile. In the description of the algorithm that follows past positions.

Ty, is a (integer) design variable that is provided to all thFe_
l

agents "?ma”.y . . measurement graph shown in Figure(d) The local subgraph of agerit
2) Estimation with mobile agents: at time 3 with the reference nodes marked by red concentric circlée T

1) If GPS is not available to every agent fat= 1, one unknown variables in this subgraph arg(2) and z1(3), its positions at
o it i ime ¢ = 2 andt = 3 (current position). Its initial position is also used as
agents initial position ser\_/es as the glObf’a‘l referencg?eference node since it is the global reference. Adeases the estimates
Every other agent starts with the initial estimate that i& the variablesza (1), z2(2), and z3(3) it receives from its neighbo
obtained by adding the relative measurements on a pgtﬁime?) as reference variables to set up the estimation prob{e)nThe

. . S ituation at time4 when Ty, = 3. In the interval between = 3 andt = 4,
from itself to the agent whose initial position is taken a gentl and 2 have exchanged one round of messages, so that ageas

the global reference. For example, when ageig the updated estimates of all the node variablegiri3). It recomputes the optimal
global reference and relative position measurements &géimates ing:(3) by using the new estimates ob(1), z2(2), andz3(3)

. . . . -it received in this time interval to update the estimatest®fpiast positions
available between agents with successively mcreasnb 2) andz1(3). It then estimates its current positian (4) by adding the

indices, we have; (1) := (1), j—1(1) +¢j—1(1),j—2(1) +  appropriate odometry measurement to the most recent éstha (3), i.e.,
et <2(1),1(1)- We assume that these measurememw = :;(3)(4) + C1(4),1(3), Where the superscript refers to the time
are transmitted to the agents initially before they staat which the estimate is obtained.

moving. Fromt = 1 till ¢t = Ty,, every agent estimates

its position based on dead reckoning from the initi
estimate :2;(t + 1) = Z;(t) + (j+1),i(1)-

g. 5. Subgraphs of agent at two consecutive time instants for the

a(Iuntil time mTy,), will be close to their optimal estimates
2) At every time instant that is an integer multiple of n t_he gr,aphg(der) a_st T e However, the current
estimate’s accuracy will suffer with a lardg,,, since that

Ty, .., whent = mTy, for some positive integein, ; . . A .
each agenj broadcasts all the measurements it collec%ror is a linear function ofy,. Hence there is a trade-off in
choosing the value dfy,.

between(m—1)Ty, andmTy,, i.e.,{(c.e € E;(mTy,)\
Z;((m — 1)Tq4,)} to its neighboring agents.
3) At every time instant- such thatmTy, < 7 < (m + B. Finite memory
1)Ty, for some positive integemn, every agent updates |n the description above it was assumed that every agent can
its position estimate thus: keep in its local memory and broadcast an infinite amount of
Update past position estimatesgent;j updates the esti- data. In practice an agent will have a finite amount of memory
mate of its past position history; ;... (7) With 5.0, = and the amount of data that can be broadcast and received will
mTy,, by performing the computations described ie limited. It turns out that the algorithm can be modified to
Section IV-Al. The agent whose initial position is takemandle these constraints with limited loss of performance.
as the reference (in the absence of GPS) always uses itpepending on the amount of data agents can keep in their
initial position as one of the reference node variablesjocal memory (and broadcast), we choose an intdgerand
Estimate current positionafter past position eStimateSrequire that, at time, every agent keeps in local memory the
are updated, agent estimates its current position byfollowing data: (i) measurements gathered at times1, ¢ —
dead reckoning with respect to its most recently updated. .. ¢ — 7., (ii) the most recent estimates of its own and
position estimate of; (mTq;): its neighbors’ positions at those times. All previous data i
discarded. We call’;,, the memory lengthof the agents. We
chooseT,, to be an integer multiple ofy,. Consider now
+ G- the truncated local subgragh; (¢, 7,,,) that is constructed by
Concurrently, agent also obtains new relative measuretruncating all the nodes and edges frgnit) that corresponds
ments (between itself and its nearby agents and betweaeragents’ positions before-T,,,. Figure 6 shows an example.
its current and previous positions) and stores them irhe agent whose initial position is taken as the referente (i
local memory. the absence of GPS) always uses its current estimate of its
The algorithm continues as long as the agents contineerliest position in the truncated local subgraph as onéef t
to move. If all entities cease to move, the measuremewrference node variables. The rest of the algorithm stags th
graph stops changing with time. In that case, the algorithsame.
is terminated after sufficiently many iterations in step 8 ar 1) Communication and computation costhe amount of
performed after motion ceases. data an agent needs to store and broadcast depends on the
It follows from Proposition 2 that if7y, is large, the “size” of the truncated local subgraph that the agent keeps i
estimates at current timeg of the pastpositions of the agents local memory. In the nominal condition when the neighbors

2j(7) = &jmTu, (T) + CmTup +1),j(mTae) T - - -
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Fig. 6. Truncated subgrapfi (¢, 6) of agentl for the measurement graph
shown in Figure 7. The parameters in this case®e = 3, T, = 274,
so that the number of time steps for which data is ke@7§,. The nodes
and edges shown in solid colors constitutes the local spbgiaat is used for
the iterative updates. As the current time increases tchréae next multiple
of Ty,, the local subgraph is updated by adding the extra measutsjrmit
the tail of the subgraph is truncated at the same time so ligahéxt set of 3
iterations are done again with a graph that contains onlydtita from the X position (meters)
most recently, instants.
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Fig. 7. A snapshot of the measurement gra@ly) at tmet = 6
created by the motion df mobile agents, for which the simulations reported
of an agent do not change with time, the number of nodBere are conducted. The agents are initially arranged aloag-axis with
L . . . 10m separation and they move approximatély. to the right during every
in its local truncated supgraph at any given time will D@jscrete time instant. Their motion is constrained to bédghat the neighbor
Ty + Nube T, Where Ny, is the number of neighbors of therelationships don’t change with time. The nodemarked in the figure is the
agent. The number of edges in the truncated local subgrdjgfition of agent at time 3.
is at mostT;, + T, Nube (the first term is the number of
odometry measurements and the second term is the number of

relative measurements between the agent and its neiglgborin 3

. T T eevsisesssesesd
MHM‘-’—.—Q.“”M.«“Q"’“"

agents that appear as edges in the subgraph). Additiomally,
maximum ofTy, N,,;,, measurements may be collected during 25 ¢ + bead Reckoning ]
the iterative computation that are concatenated to theraphg e Algo (inf memory)
data at the end of everyy, time steps. Therefore, an agent 2r e Algo (Finite memory)
needs a local memory large enough to stged’,, (14 Ny )+ = —+— Centralized optimal
Tar Nupe] floating-point numbers. 157
An agent has to broadcast the current estimates of its amteri 5
node variables at every time instant between subgraph epdat "ot 1
(i.e., at time instants such that(¢ — 1)Ty, < 7 < {7y, for
someY). Therefore every agent has to broaddast, numbers. 05
V. SIMULATIONS % 10 40 50

20 Timeggt)

We illustrate the algorithm’s performance by numerical-sim
ulations. For these simulation$,agents are initially arrangedrig. 8. Agent 5: Covariance of the estimate of the current position of agent
in a straight line along thg direction with an initial separation 5 (of Figure 7) as a function of time. Ageiitis the one farthest from agent
of 10m between agents. The agents move toward the right"1°se initial position being the reference node. The agaris run with

. . - . ar = 5. “Finite memory” is with’T3, = 10, which means only data for the

approximatelylm at every time instant, but in such a Waymost recentl0 time steps are kept.
that after about = 8, agents3 and 4 cross each other (the
situation is shown in Figure 2). Figure 7 shows a snapshot of
the agent positions (and the measurement graphj-ai. GPS
information is assumed not available, so the initial positi the estimation error covariance of the algorithm is closth&d
of agent1 (bottom left node in Figure 7) is taken as théf the centralized optimal estimator. Moreover, compatirey
reference. Every measurement of — z, is obtained from plots for the finite and infinite memory cases, one sees tleat th
noisy measurements of the distarjee, — z,,|| and the angle performance of the proposed algorithm with a small memory
betweenz, andz,. The distance and angle measurements &@& 10 time steps is quite close to that with infinite memory.
corrupted with additive Gaussian noise, with = 0.05m and This shows that the algorithm can perform well even with
o¢ = 5°. The measurement error covariances are estimatégited agent memory, which makes it advantageous for agent
from the range and bearing measurements and the parametéifs limited computational and processing power. Figure 9
0., 04 (as explained in [17]), which makes the covariances ®fots these variables for the second agent.
the errors on relative position measurements on distingeed The smoothing performance of the proposed algorithm is il-
distinct. lustrated in Figure 10. Covariance of the estimates of agjent

Covariances of agent position estimates produced by thesition at time3 (i.e., of nodeu shown in Figure 7) produced
proposed algorithm are estimated fr@50 Monte-Carlo runs. by the algorithm is plotted as a function of time. As in the
Figure 8 shows the covariance of the estimatergft), the previous case, the covariance is estimated fiiih Monte-
position of agent, as a function oft. Note that agent is Carlo simulations. With infinite memory, the covariance of
the one farthest away from ageiht The figure shows that the current estimate of, decreases and approaches the value
the algorithm (both with infinite and finite memory) performshat the centralized BLU estimator achieves. The centdliz
much better than dead reckoning. It is seen from the plot thegtimate’s covariance quickly settles down to a steadye stat
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proposed distributed algorithm yield are close to that & th
centralized optimal estimator, and are significantly lotrem
what is possible by odometry. Apart from estimates of curren
locations of the agents, the proposed algorithm also presluc
smoothed estimate of past positions of the agents.

There are several aspects of the proposed algorithm that
need further investigation. Although numerical simulago
show that the estimation errors are close to the centralized
optimal (BLUE) estimation errors, analysis of how big the
difference is, is lacking. For example, it will be useful to
understand the affect of the parameté&gs andT;,, on the dif-
ference between the algorithm’s estimates and the cezredali
BLUE. Moreover, the evolution error covariance will depend
on the number of agents and the measurement graph, which is

determined by agents’ motion. The relationship between the

Fig. 9. Agent 2: Covariance of the estimate of the current position of age
2 (of Figure 7) as a function of time. Ageagtis the one next to agerit All
parameters are the same as in Figure 8.

(1]

—*— Algo (Inf Memory)
25+
—=— Algo (Finite Memory) [2]
2r —— Centralized optimal
15+ [3]
=
0
AR
0.5
[4]
%3 10 40 50

20 Timeg?t)
(5]

Fig. 10. Smoothing performance: Covariance of the estimate of 3, (the
position of the agenb at time 3) produced by the algorithm as a function
of time, as well as that produced by the centralized BLU estiom The
parameters for the simulation afé, = 5 and T}, = 10. The covariance of
the estimates with finite memory settles down to a steady st@luie larger
than the centralized optimal, since past estimates arerngetoupdated after
a while.

(6]

value, since adding more edges to a graph far away from a
node does not change its BLUE covariance too much. The]
last statement follows from the results described in [17fthwW
finite memory, of course, the covariance of the estimates of
x,, Stops decreasing after a while, since past estimates are no
longer updated after some time when agents have only finite
memory. (8]

VI. CONCLUSION

We presented a distributed algorithm for mobile agent$9]
to accurately estimate the current and past positions of the
agents/targets by fusing odometry measurements withvelat
positions between agents/targets. The algorithm is Higed [10]
in the sense each agent can estimate its own position by
communication only with nearby agents. Simulations show
that the error covariances of the state estimates that the

Yovariance and agent motion is a subject of future research.
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PROOFS

Proof of Proposition 1: We assume without loss of
generality that the measurement graph grows in length along



