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Abstract

It is known that the effective resistance between two nodeani infinite 2-D lattice network of resistors is a logarithmic
function of the distance between them [1, 2], and that sala network, the effective resistance between two nodesdiaynded
no matter the distance between the nodes [3]. Recentlyt éssanulas for the effective resistances between two noddmite
2-D and3-D grid network of resistors have been derived by Wu [4]. ltdas from the results in [5] that the effective resistance
between two fixed nodes in the grids, in the limit when the siizthe grids go to infinity, tend to the effective resistanedween
them in the infinite lattices. This was explicitly verified [#]. However, it still leaves the question of effective mtance between
nodes in theboundaryof the grids. We use the formulas derived in [4] to obtain udpsunds on the largest effective resistance
in 2- and 3-D grid networks, and show that the logarithmic and constamtnds apply even for nodes on the boundary of the
finite grids, as long as the grids have “good” aspect ratios.

We find that the largest effective resistance iffax N 2-D grid of n, := M N nodes i9(log(n,)) subject to the condition
that the aspect ratidZ//N of the grid is©(1), i.e., there exists positive constantsc such thatc < M/N < ¢. In case of a
M x N x L 3-D grid, we find that the largest effective resistance is lomah independent of the size of the grid as long two
dimensions of the grid, say/, N satisfiesM = ©(N) and the third dimensiod, satisfiesQ(log(M)) = L = O(N?).

I. UPPER BOUNDS ON THE MAXIMUM EFFECTIVE RESISTANCE IN2-D AND 3-D GRIDS
Our starting point is the formula derived by Wu [4] for theesffive resistance on &/ x N grid of resistors. Consider a
rectangular network of resistors connected in an array/ot N nodes. A grid with\M = 4 and N = 3 is shown in Figure 1.
Number the node coordinatg¢s:, n}, 0 < m < M — 1. The effective resistance between two nodes with cooréifat;, y; }
and{xy, y2} is denoted byRSE, \ ({z1, 41}, {72, y2}). The maximum value of the effective resistance between anynbdes
in the grid is denoted byze (M x N). We have the following result:

max

Fig. 1. A4 x 3 grid of resistors.

Proposition 1: Consider aM x N 2-d grid network of1-Ohm resistors. If there exists positive scalarg independent of
M, N such thateN < M < &N, the maximum effective resistance between any two nodesemétwork is
RE (M x N) = ©(logn,),
wheren, := M N is the total number of nodes in the gird. A non-asymptoticargmound is

M N
R (M x N) < ~ + 77 T 3los(MN) +6. O

Note that the notatiop(x) = O(p(x)) means that there exist positive constargsa such thayy(x) < ap(zx) for all z > =,.

Similarly, g(z) = Q(p(x)) means there exist a positive constansb such thatg(x) > bp(x) for all x > z,. The notation
g(x) = O(p(z)) means that botlg(x) = O(p(z)) andg(z) = Q(p(z)) are true.
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Fig. 2. Numerical comparison of the upper bound on the mamireffective resistance to the exact value 2ar grids. The plot shows the ratio between the
upper bound stated in Proposition 1 & (M x N) (maximum effective resistance between two nodes inlthec N grid of unit resistors) and its exact
value computed from the formula in [4], for a range of valués\é and N. The comparison shows that the upper bound derived ovectsettie maximum
effective resistance at most by a factor7of

Now consider a\f x N x L 3-d grid of resistors, with one Ohm resistor on every edge.résalt on the maximum effective
resistance between any two nodes in the network, denotefly(M x N x L) is stated in the next result.

Proposition 2: The maximum effective resistance between any two nodes M & N x L 3-d grid of 1-Ohm resistors
is bounded by a constant independentldf N, L when any two dimensions of th&d grid have the same order and the
third dimension is at least logarithmic but no more than gatclin the other two dimensions. More precisely, if thexeses
positive scalarg, ¢, d, d such thatcN < M < ¢N anddlog N < L < dN?, then

R (M x N x L) =0(1). O
A non-asymptotic upper bound on the maximum effective taste in a3D grid is
M?+ N?+L? 1 1 1
eff < - - - _ _ _
R (MxNxL)<2 VNI —l—él]\/llogNL—i-élN1ogLM—i-4L10gMN—i-c7
wherec < 50. O

II. NUMERICAL COMPARISON

Numerical comparison of the derived upper bound and theualige of the maximum effective resistance in a 2-D grid is
shown in Figure 2, which shows the ratio between the non-psytic upper bound stated in Proposition 1 B (M x N)
and its value value computed from the formula in [4], for agarof values ofA/ and N. The comparison shows that the
upper bound derived overpredicts the maximum effectivestaasce by a factor of.

Numerical comparison of the derived bound and the true vidua 3-D grid is shown in Figure 3, which shows the ratio
between the non-asymptotic upper bound stated in Proposttion RS (M x N x L) and its true value computed from the

max

formula in [4], for a range of values af/, N and L, as a color intensity plot. The comparison shows that theeuppund for
the 3-D case is quite conservative — it overpredicts the maximifettve resistance by a factor that can be as largé2as

I1l. PROOFS
Proof of Proposition 1.The effective resistance between the nofles y; } and{x2, y2} is given by the following formula [4]:

R vy (e, u1} {ma, 1)) = N|171—I2|+ M| — Y| + —= N

1\72:1 N cos(ay + $)0m cos(y1 + 5)¢n — cos(w2 + )0, cos(y2 + 3)Pn]? 0
=1 el (1 —cosby,) + (1 —cos (bn) ’
where
mi nm
9m = 7 n — -, 2
M TN )
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Fig. 3. Numerical comparison of the upper bound on the mamineffective resistance to the exact value 8D grids. The color intensity is the ratio
between the upper bound stated in Proposition Rfi,, (M x N x L) (maximum effective resistance between two nodes inithe« N x L grid of unit
resistors) and its exact value computed from the formuladnfpr a range of values o/, N and N. The comparison shows that the upper bound derived
is quite conservative — it overpredicts the maximum effectiesistance at most by a factor 4.

so that both,,, and ¢,, lie in (0, ) for all allowable values ofn andn. Clearly,

, 5 N-1M-1 92
Reff < — —
{MxN}({x1,y1},{x2,y2}) = N|931 o] + M| — Y2+ N x = 2 — cos b, — cos ¢,
The right hand side is maximized by choosing — z2| = M — 1 and|y; — y2| = N — 1, which gives us
N—-1M-1
M-1 N— 1
eff
M x N) <
Rinax (M X N) < N + MN Z Z —C089 — cos ¢, )
Now define
Q= 2 — COS Oy, =a,€(1,3),n=1,....N—-1
1
Jmon = Qy — €080y,
so that
g No1M-l g NolM-l
T = — . 4
MN-T NN =t e 2—cos€ —cos¢, MN — m:1f ’ @
Let
[0 = ———. e (.m)
"y, —cosf’ o

which is a decreasing function éfe (0, 7). This can be verified in a straightforward manner by computire derivative of
f(6) w.r.t 6. Therefore,

M-1 -
AOD fonn < / f(0)de, where A := —
m=1 0+

4 1
_ / a0 (5)
04 Qn — COS



Sincea,, > 1, from [6]

1 2 Va2 —Ttan§
d = arctan | ———M8M8M8M8M8 = + const.
o — cosf a2 —1 a—1
R B S 2 [arctan(+o00) tan(0+)] T
= arctan o0 ) — arctan =
o+ O — cosf o2 —1 a2 —1

and therefore, from (5)
M

1 «— 1
s mngi
i 2 e S

Now, a2 — 1 = (an + 1)(an, — 1) > 2(1 — cos 2¢,,) = 4sin®($¢,). Moreover, it can be shown from the series expansion of
sin « around0 that

1

2sinz > z,Va € (0, g) (6)
Therefore,\/a2 —1 > 1¢,. As a result,
N-1
16 1
Ty, — — 7
MN < N 7;1 o (7

Sincel/¢ is positive and a decreasing function ®fin the interval(0, r),

N 1 | -
A — =Ap—+A — hereA¢ := — =
¢;¢n bo+ ¢,§¢n’ whereAg = + = ¢

1
< 1+/ —dp=1+1ogN
L9
from which it follows that

16
Tun < ?(1 +log N)

Putting this bound in (3), we get

. M N 16
off <4 4= )
R < N+M+ 7T(1+logN) (8)
By repeating the steps once again but summing first avand then overn, we also get

. M N 16
off <4 4= M).
Ry < N+JV[+ 7T(1-Hog ) 9)
Combining (8) and (9), we ge
M?+ N? 8 16

R < + —log MN + — (10)
™ ™

max — MN
Sincen, = M N and% < 3, we get the second statement of the proposition. When thésts @ositive scalars, ¢ such that
c¢N < M < &N, then we get

1 1
R <o+ 2+ 24 Biogn, = O(logn,). )
c us us

As a result, it follows that in a rectangular grid of unit s#ers withn, nodes arranged in such a way that the aspect ratio of
the grid is©(1), the maximum effective resistance@log(n,)).

Effective resistances obey Rayleigh’s monotonicity law [#hich says that the effective resistance between any todes
can only decrease if one introduces new nodes and brandoearirelectrical network. It follows that the effective i#ance
between every pair of nodes in a finite grid is larger than Hettveen them in the corresponding infinite grid. The efecti
resistance between the nodeg@t0) and (z,y) in an infinite 2-d network with1-Ohm resistors on every branch is [3]

o 1/1 log 8
Rog27 d Iattice({ov O}a {xa y}) = p (5 log(x2 + y2) +v+ T) )

where~y = 0.577. ... Therefore,

| 1/1 1
R (M xN)> =~ <§log(M2 +N2) 4+ 058) .
™



Since M2 + N2 > 2M N = 2n,, the right hand side i§2(logn,). Therefore, both the upper and the lower bounds on the
maximum effective resistance are logarithmic, and so

max R?%x]\/} = 0O(logn,), whenM = O(N).

This concludes the proof. ]

Proof of Proposition 2.Again we start from the formula derived by Wu [4] for the etige resistance between two nodes
ina M x N x L grid of resistors, with one Ohm resistor on every edge. THectfe resistance between two nodes with
coordinategx1, y1, z1) and (z2, ya, 22) is given by the following formula [4]:

eff 1 e
{f}waXL}({xla Y1, Zl}a {:E21 Y2, 22}) R{Mx]v}({xlayl}a {:E21 y?}) + _R{EFVXL}({yla Zl}a {y?, 22})

1 1
+ NR{LxM}({ZhZCl}, {22, 22}) — MN|1171 — Ta| — L|y1 — yo| —

+Tunr,

L —]
M2 A
where

L—1N—1M-— 1
4 Z Z 3 + )0 + 1) n + 3 - + )0, + 1) +
Tarng — " [cos(z1 ) cos(y1 )ng cos(z1 )m cos (o ) cos(y2 )(b cos(za )m]

=

(1 —cosbp,) + (1 —cosey) + (1 — cosmn) ’

1 m=1

andé,,, ¢, are defined in (2) and

l
m:% =me(0m),l=1,. L1
It follows from the above that
1 1
R (M xNxL)< LRffax(M x N) + MRffaX(N x L)+ NR;EQX(L x M)+ Tunr. (12)
First we show that the terffiy;n 1, is bounded. Clearly,
~1N-1M-1 92
T < 13
MNL g; mZ:l (3 — cos by, —cos o, —cosm)’ (13)
We proceed as in th2-D case, by defining
Q] = 3 — COS ¢y, — COS T, =ap;€(1,5) n=1,...,.N—-1, I=1,...,L—1. (14)
and repating the steps as in thé case, arriving at
16 —1N-—
Tynr < NI Z: z:: Py
Define
) ::1—cosm:2sin2(%):>ﬂl € (0,2) (15)
so thata? | — 1 = (an;+1)(an; —1) > (1 —cos ¢y +1—cosm) = B+ 2sin’ . Moreover, applying (6) fok ¢,, € (0, 3),
we getsin ;gbn > 14, from which we finally get
1 1
<
Vool 208+ 6)
Slnce\/i is a decreasing function of, we get
2 1
A¢Z / —2lo ST oL e
la \/Sﬁl + ¢2 80 10

where the last inequality results from usipg< 2 for all allowablel. Applying (6) once again, we getlog 3, < 3log2 —
2logn;. Combining all these, we get

2
— —_— <1- -1
N 21_1_ ﬂ_ogm



Therefore,
39 L—1
Tyung <16 + E ; (— logm) .
Since —log(z) is a decreasing function af, we get
L—-1

> (—logm)(An) < (—lognl)An+/ —logn dn;  whereAn :=%
=1 m
L ™
=log(—=)An — (zlogz — x)

™

m
Pluggin inn; = 7 in the above, we obtain

1 A= 1. L 1.1
B N < —log=Z 4+ (ogm—1)1—=)+=logl <3 VL>1
Lgogm_LogWHng J(1—F)+ Flogl < > 1,
= Tynr < 50.

On applying this bound and results from Proposition 1 in (1&) get

M?+ N?+L? 1 1 1
eff < - _ _
Ry (MxNxL)<2 VNI +4M10gNL+4N10gLM+4L10gJV[N+5O (16)
It is straightforard to show that wheh/, N, L are related by the aspect ratios stated in the propositienright hand side
of (16) is bounded by a constant independenfibf N, . even whenM, N, L. — oo. This concludes the proof. []
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