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RECURSIVETIME-SYNCHRONIZATION IN SENSORNETWORKS

Prabir Barooah and Ananthram Swami

Abstract— Clock synchronization is a critical challenge in
wireless sensor networks. Noisy measurements of relativeoffset
and skew between pairs of nodescan be obtained by an exchange
of time-stamped packets. The problem then can be cast as a
linear estimation problem, and many distributed algorithms have
been proposed recently. These algorithms are iterative, involving
exchange of estimates with 1-hop neighbors. These message ex-
changes could be time-stamped to yield additional measurements
of clock offsets and skews. We propose a distributed algorithm
to fuse the new measurements with the current estimates. We
show that the estimates produced by the proposed protocol
converge in mean square to the true parameter values. More
importantly, the error variance of the estimates even after a
small number of iterations are far lower than what the earlier
protocols achieved upon convergence. The performance of the
algorithm is illustrated via simulations. Simulations also indicate
that the algorithm is robust to intermittent link and node fa ilures.

I. I NTRODUCTION

Accurate time or clock synchronization is critical in applica-
tions such as range finding for target tracking and localization,
intrusion detection, time correlation of telemetry data, sensor
fusion, slot assignment in TDMA, duty cycling protocols, and
so on. Consequently, there has been a large amount of research
on synchronization of wireless sensor networks; see [1] and
references therein, for a survey of challenges, applications,
and protocols. At a given “global” timet, the local clock time
at nodeu can be approximately written astu = αut + βu,
whereα is the skew andβ the offset [2]. In a network, time
synchronization consists of estimating the skews and offsets
of all the nodes relative to a global reference. In practice,
these parameters drift slowly with time, and clocks must be
periodically synchronized.

In a typical sensor network, only a handful of nodes may
have access to GPS (recall that GPS performance indoors
is problematic, and GPS is easily jammed). In principle,
a designated source node can send time-stamped messages
which are received with some delay at secondary nodes. There
is a fixed delay due to propagation; but in addition, one must
also cope with delay jitter, and randomness due to issues
related to the MAC and internal processors. These in turn can
cause asymmetric delays. Time-stamping at the PHY layer,
as in the IEEE 1588 Precise Time Protocol (PTP) [3] can
eliminate some of these variabilities. The 1588 standard has
the notion of a master node, of a hierarchy to distribute PTP
messages, and also the concept of (possibly) multiple nodes
with high-quality clocks (the so-called boundary and transpar-
ent clocks). But the 1588 standard does not readily address the
synchronization problem in an ad hoc network. Duty-cycling
and RF propagation conditions can cause intermittent node
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disconnects and link failures. Our interest is in synchronization
of a wireless network in such an environment.

We assume PHY layer time-stamping of packets as in the
1588 standard, at the transmitter and at the receiver. Estimates
of the relative offset between a pair of nodesu andv can be
obtained by exchanging time-stamped packets. Algorithms for
doing this are described in detail in [4], [5], [1], [6, Ch. 2].
In particular, when the skew is zero, a noisy measurement of
the relative offset,βu − βv, can be obtained as

ηu,v = βu − βv + εu,v, (1)

whereεu,v is a zero-mean measurement error. Similarly, noisy
ratios of their skews,α/αv can also be obtained. Upon taking
logarithm, we get

ξu,v = log(α) − log(αv) + ε′u,v, (2)

where ξu,v is the logarithm of the measured ratio of clock
skews, andε′u,v is a zero-mean error. The details of obtaining
such measurements are explained in [1] [6, Chapter 2].
Equations (1) and (2) are special cases of

ζu,v = xu − xv + ǫu,v, (3)

whereζu,v is a noisy measurement of the “relative difference”
between the unknown variablesxu and xv, and ǫu,v is a
zero-mean measurement error. For this reason, we restrict our
attention to the problem of estimating scalar-valued variables
from relative measurements of the type (3). For the sake of
concreteness, we will frequently refer to offset estimation as
a specific example of this problem. However, the problem
considered here is also relevant to applications such as location
estimation from relative position measurements [7].

Given a set of relative measurements of the form in (3), we
seek to obtain estimates of the node variablesxu. One could
consider sending theζu,v measurements to a fusion center for
joint estimation of thexu’s. It is rare to have a star topology
where nodes are within one hop of a fusion center. Typically,
these data would have to be transmitted on a multi-hop route.
Distributed schemes have been proposed to cope with failure
of the fusion center, as well as intermittent loss of nodes and
links. Given an initial set of relative measurements, several
iterative algorithms have been proposed in [5], [8], [9], [10],
[4]: At every iteration, a node receives the current estimates
of its neighbors which are used to update its own estimate.
All of these algorithms are essentially variants of the Jacobi
algorithm for solving a linear system of equations [11].

These algorithms have several beneficial properties; if no
errors are introduced in the message exchanges during the
iterations, these algorithms converge to the best linear un-
biased estimates that are possible with the initially gathered
measurements; further they are robust to temporary node and
link failures [8], [10], [12].
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During the iterative process, one could time stamp the
packets used to communicate estimates; these potentially pro-
vide new measurements of relative offsets. How should one
incorporate these new measurements? How do they affect con-
vergence rate? How do they affect the final variance? Sensor
networks are typically energy-constrained; thus increasing the
rate of convergence, i.e., reducing the number of iterations,
can prolong network lifetime. It is reasonable to assume that
the measurement errorsǫu,v in (3) are uncorrelated from
measurement to measurement. If all the data could be sent
to a fusion center, one would obviously use a recursive least-
squares algorithm. The challenge here is that a node has
access to neither all of the new measurements, nor the current
estimates of all of the nodes.

The problem formulation is stated precisely in Section II.
Our proposed distributed algorithm to incorporate the new
measurements is discussed in Section III. This algorithm is
also motivated by the Jacobi algorithm; it updates a node
estimate as a weighted average of the current estimates of its
neighbors’ states, the newly available relative measurements,
and its old estimate. In Section IV, we show that under fairly
mild assumptions, the resulting estimates are unbiased at every
iteration and that they converge in the mean square sense
(as the number of iterations increases) to the true parameter
values. Simulation results in Section V will verify that fora
fixed number of iterations, the error variances of the proposed
estimator are orders of magnitude smaller than those produced
by the earlier protocols in [5], [8], [10], [4]. We will also see
that the proposed algorithm is robust to link and node failures.

II. PROBLEM STATEMENT

For the sake of clarity, we will consider only the scalar offset
estimation problem. We refer to the unknown offsets,xu, as
the node variables. The network has a total ofntotal nodes
which we associate with the nodesV = {1, 2, . . . , ntotal} of a
directedmeasurement graph G = (V ,E ). The measurements,
ζu,v correspond to the edges inE , where each edge consists of
an ordered pair(u, v) such that a noisy relative measurement
of the form (3) is available.

It is clear that the problem is under-determined (the set of
equations in (3) has rankntotal−1). Hence, one of the offsets
must be known; equivalently, offsets are estimated relative to
some specific node. Such a node could be a cluster-head or
have access to GPS or some other accurate time source. It
is possible that several nodes in the network have access to
GPS; the corresponding node variables are all zero1. We will
refer to these known node variables asreference variables;
we assume that there arer reference nodes, and hencen =
ntotal−r unknown node variables. Without loss of generality,
we number the unknown node variable as1, .., n, and the
reference variables asn + 1, ..., n + r; we denote the vertex
set of the reference variables byV r. We will assume that
communication is symmetric, i.e., ifu can receive messages
from v, v can also receive messages fromu.

1We assume that the reference nodes are mutually consistent.

A. Notation

Let G = (V ,E ) denote a directed graph, with ofntotal =
|V | nodes andm = |E | edges. The node-edgeincidence
matrix A is a ntotal × m matrix with entries0, 1 and −1
defined asA(u, e) = au,e, whereau,e = 0 if edge e is not
incident on nodeu; au,e = +11 if edge e is directed away
from nodeu andau,e = −1 if edgee is directed towards node
u. Thebasis incidence matrix Ab is then× m sub-matrix of
A that is obtained by removing the rows corresponding to
the reference nodes. The sub-matrix ofA consisting of those
rows of A that correspond to the reference nodes is termed
the reference incidence matrix Ar. Consider theweighted
graph specified by the couple(G, w) whereG is a graph and
w : V × V → R

+ is a weight function that assigns positive
weights to those node pairs that have an edge and0 to those
that don’t. Specifically,wu,v ≥ 0 for every pairu, v ∈ V ,
and wu,v = wv,u > 0 if and only if (u, v) ∈ E . If there
arem edges, there are exactlym positive weights, which are
denoted byw1, . . . , wm. The matrixLb := AbWAT

b , where
W = diag(w1, . . . , wm), is called theDirichlet Laplacian
matrix of the weighted graph(G, w). The diagonal matrix
M constructed from the diagonal entries ofLb is the basis
weighted degree matrix andN := M − Lb is a sub-matrix
of the (weighted) adjacency matrix. Explicitly,M(u, u) =
∑

v wu,v, and N(u, u) = 0, N(u, v) = wu,v for u, v =
1, . . . , n. If a node pair(u, v) is connected by an edgee,
we will find it useful to denotexv by xe\u andxu by xe\v.

B. The Jacobi algorithm

We noted earlier that many of the iterative algorithms are
special cases of theJacobi algorithm described in [8]. In this
algorithm, a node obtains estimates from its one-hop neighbors
and then updates its own estimate. Withx̂

(i)
u denoting node

u’s estimate ofxu at the ith iteration, the algorithm can be
written as

x̂(i)
u =

(

∑

v∈Nu

1

σ2
u,v

)−1 ∑

v∈Nu

1

σ2
u,v

(

x̂(i−1)
v + ζuv

)

, (4)

whereNu denotes the (one-hop) neighbors ofu; σ2
u,v is the

variance of the measurement errorǫu,v. The Jacobi algorithm
has a simple interpretation. A node’s initial naive estimate is
to average is relative offset with all of its one-hop neighbors.
It updates this estimate by a weighted sum of the estimates
of its neighbors at each iteration. The algorithm can also
be interpreted as a maximal ratio combiner. For simplicity
we have assumed that the measurement error variances are
independent of the iteration; but this is easily relaxed.

C. Beyond the Jacobi algorithm

At each iteration, a message exchange takes place between
one-hop neighbors; in this process, neighboring nodesu andv

could obtain a new measurement of the relative offsetζ
(i)
u,v. We

argued earlier that such measurements are uncorrelated across
the indexi. Thus at the end of iterationi, a nodeu hasNu

additional measurements of the form,

ζ(i)
u,v = xu − xv + ǫ(i)u,v, ∀v ∈ Nu, (5)
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The measurement errorsǫ(i)u,v are uncorrelated at different
index values, i.e.,E[ǫ

(i)
u,vǫ

(j)
u,v] = 0 if i 6= j. Under the

assumption of symmetric communications, every nodev ∈ Nu

also has a new measurement,ζ
(i)
v,u = −ζ

(i)
u,v. Let m := |E |

be the number of edges inG; then at each iteration we have
m additional offset measurements. We will use symbole
to denote an edge as well as the index of that edge, i.e.,
e = (u, v) ∈ E as well ase = 1, . . . , m. We assume that the
measurement errors are uncorrelatedE[ǫ

(i)
e ǫ

(j)
ē ] = 0 if e 6= ē,

for all i and j. and that the variance(σ2
e)(i) = E[(ǫ

(i)
e )2] is

known for every edgee ∈ E ,

The problem considered in this paper is to obtain an
estimatex̂(i)

u , by linearly combining the sequence of its own
past estimates, the sequences of the estimates of its one-hop
neighbors, and the sequence of relative measurements obtained
from its one-hop neighbors. We assume that there is a finite
memory constraint so that all these sequences cannot be stored.
We recall the assumptions of uncorrelated measurement errors
and bidirectional communications.

III. A LGORITHM DESCRIPTION

1) Recursive Jacobi Algorithm (RJU): The basic idea is to
combine all available relative measurements and average them
to obtain a single (reduced variance) relative measurement.
We can then use the previously discussed Jacobi algorithm to
update estimates. Thus, the nodes compute the time-average
of the relative measurements

ξu,v(i) =
1

i

i
∑

k=1

ζu,v(i) (6)

which is a zero mean measurement ofxu − xv, with variance
1
i
σ2

e . Note that nodes only need to store the previous averaged
measurementξu,v(i − 1). Now define

x̂(i)
u (v) := x̂(i)

v + ξu,v(i) ∀v ∈ N (u) (7)

which is an estimate ofxu that is obtained by combining
the averaged measurementξ

(i)
u,v computed at timei with the

current estimate ofxv.
The following recursive scheme to combine all these esti-

mates is proposed:

x̂(i)
u = (1 − βi)x̂

(i−1)
u + βi

1

du

∑

v∈Nu

wu,vx̂(i−1)
u (v), (8)

where,0 < βi ≤ 1, we is a positive weight associated with
the edgee and du =

∑

e∈u we is the weighted degree of
nodeu. The weightswu,v are design variables. Note that two
neighborsu andv must use the same weightswu,v = wv,u. It
should be understood that when one of the neighboring nodes
of u is a reference node, the reference value is used for the
neighbor’s previous estimate. Note that in the original Jacobi
algorithmwe corresponds to1/σ2

e .
We can also write equation (8) in terms of the incidence

matrix as

x̂(i)
u = (1 − βi)x̂

(i−1)
u +

βi

du

∑

e∈E
e∼u

we

(

x̂
(i−1)
e\u

+ au,eξ
(i−1)
e

)

(9)

The scalarβ and the weightswe, e ∈ E are design variables.
In the Jacobi algorithm (4), the weightwe on an edgee is
set equal to the inverse of the variance of the measurement
errorσ2

e associated with that edge. In the proposed algorithm,
a similar rule can be followed by the nodes. Specifically, the
variance of the filtered measurementξe(i) at iterationi is 1

i
σ2

e ,
assuming the errors{ǫe(i)}∞i=0 on the edgee are wide sense
stationary with varianceσ2

e . In that case, a node can set weight
we of an edgee incident on it aswe = i/σ2

e . Due to the form
of (9), this is equivalent to settingwe = 1/σ2

e , just as in the
Jacobi algorithm.

A. Asynchronous implementation

The description above assumes that every node shares the
same iteration counteri, thereby making the algorithm syn-
chronous. In practice, an asynchronous iteration is preferable
where nodes do not have to share the same iteration counter but
can incorporate new estimates arriving from different neigh-
bors in different times without any regard to their arrival times.
The most important benefit of an asynchronous operation is
that random communication faults can be tolerated.

To implement the algorithm in an asynchronous mode,
a “time out” period can be introduced so that every node
waits for this time to receive messages from its neighbors.
If messages from a neighbor are not received within the
time-out period, the most resent estimate received from that
neighbor is used in the updates. Note that when no messages
are received from a neighbor within a time-out period, no
additional measurements are gathered, either. Therefore,every
nodeu keeps track of the number of measurements ofxu−xv

gathered until the current time, which determines the variance
of the averaged measurementξu,v(i) gathered byu until
iteration counteri, though the counteri is local to i in the
asynchronous case. Accordingly, the nodes also have to change
the weightswe’s at every iteration as a function of the number
of measurements gathered on that edge till that iteration.

IV. A NALYSIS OF THE ALGORITHM

We analyze the algorithm proposed in the previous section.
We compactly express the update law (9) for the vector of
all node estimateŝx(i) = [x̂

(i)
1 , . . . , x̂

(i)
n ]T . The temporal

evolution of this estimate is expressed by

x̂(i) = J x̂(i − 1) + Bξ̄(i − 1) (10)

where

J = I − βM−1Lb, B(i) = βM−1AbW, (11)

ξ̄(i) := ξ(i) − AT
r xr , ξ(i) = [ξ

(i)
1 , . . . , ξ(i)

m ]T ,

and M, N, Ab and Ar are the basis degree, basis adjacency,
basis incidence, and reference incidence matrices for the
weighted graph(G, w), while xr := [xn+1, . . . , xntotal

]T

is the vector of reference variables. (See Section II-A for
definitions.)

We state our main result next (proof is given in the Ap-
pendix)

Theorem 1: Consider the recursive algorithm (8) carried out by
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Fig. 1. The measurement graph for the 25 node simulation. Allcommuni-
cations are bidirectional.
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Fig. 2. The trace of the estimation error covariance matrixP (i) as a function
of the iteration counteri for the network shown in Figure 1. The covariance
P (i) is computed from the recursive relationship (12), with initial condition
chosen as the identity matrix. Time evolution of the variances for two values
of β are shown.

the nodes of a connected graphG in a synchronous manner.
The estimatex̂(i) is unbiased at every iterationi, as long
as the initial condition̂x(0) is an unbiased estimate ofx. If
the measurement errorsǫ(i) are wide sense stationary with
E[ǫ(i)ǫ(j)T ] = δ(i − j)R0, the estimatêx(i) converges to the
true valuex in the mean square sense. �.

V. NUMERICAL INVESTIGATION

Figure 1 shows a measurement graph consisting of a25
node network. There is one reference node, at(0, 0). Figure 2
shows the sum of the variances of the offset estimation errors
(for the network shown in 1) as a function of the iteration
indexi. This sum is computed from the trace of the covariance
matrix P (i), where P (i) is evaluated from the recursive
relation (12). This plot provides numerical evidence in support
of theorem 1.

In conducting simulations, skew rates of all the clocks are
set at1 for the sake of simplicity. Time offsets for the24
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Fig. 3. Five sample runs of the estimates at node 13 (upper right hand corner
node in Figure 1) as a function of time, withβ = 0.9. The solid line shows
the true value of node 13’s time offset with respect to the reference.

nodes with respect to the reference node are fixed arbitrarily,
and the algorithm described in Section III is simulated in
MATLAB in a synchronous manner, i.e., all nodes shared a
common iteration counter. The “flagged initialization” scheme
described in [9] was used for initializing the estimates. Due
to lack of space, we do not describe this scheme, but merely
note that it is a method of providing good initial estimates
to the nodes without requiring additional communication or
computation, and refer the interested reader to [7], [9] for
details. Simulations are done with a wide sense stationary,
Gaussian distributed, measurement error sequence with zero
mean and varianceσ2

e(i) = σ2
0 = 1 for everye ∈ E and every

i = 1, . . . . The edge weightswe are chosen as the inverse of
the measurement error variance one (as it is done in the Jacobi
algorithm [7]).

Figure 3 shows five distinct sample runs of the estimate
of one of the nodes in the network shown in Figure 1 (node
#13). Each sample run is obtained by running the algorithm
with a distinct sequence of pseudo-random numbers generated
in MATLAB. The convergence of the estimates in each run to
the true value is visible in the plot.

Next, we empirically evaluate the error covariances from
Monte-Carlo simulations. Figure 4 shows the empirically
estimated variance of node 13 (see Figure 1 for the node’s
location). It also shows the minimum variance that can be
achieved by the centralized optimal estimator. We see that
the asymptotic variance of the proposed proposed distributed
estimators is quite close to the best possible, i.e., that ofthe
centralized estimator. In addition, the figure shows the variance
that can be obtained by the Jacobi algorithm in [8] (and its
variants described in [5], [9], [10], [4]) upon convergence.
We see from Figure 4 that the error varianceσ2

u(i) of the
proposed estimator becomes, within a few iterations, much
smaller than the limiting variance that the Jacobi algorithm can
achieve with a single set of measurements. We conclude that
significant improvement in accuracy is possible by employing
the proposed method.
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corner node in Figure 1) as a function of time in the presence of random
communication faults (probability of failure is0.3), with β = 0.9. The solid
line shows the true value of node 13’s time offset with respect to the reference.

Next, we consider the scenario when communication be-
tween two arbitrary nodesu andv (that have an edge between
them) fails with a probabilityp, independent of all other
node pairs. Figure 5 shows five sample runs of node #13’s
estimate when the simulation is done in an asynchronous
manner in the presence of random communication failures,
with p = 0.3. The evolution of the estimation error variance
of node13’s offset estimate, evaluated empirically from Monte
Carlo simulations (100 sample runs) is shown in Figure 6. As
expected, the convergence of the error variance toward0 is
slower with random communication failures than in the case
with no communication failure; cf. Figure 4.
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Fig. 6. Evolution of node 13’s estimation error variance with random com-
munication faults. At every iteration, every communication fails independently
of all other edges, with a probability of0.3. The legend “empirical” refers to
the empirically estimated (from100 sample runs) error variance of the node’s
estimates produced by the proposed algorithm. ”Jacobi” refers to the variance
the estimates produced by the Jacobi algorithm in [8] and itsvariants in [5],
[10] achieve upon convergence without communication faults.

VI. SUMMARY

We proposed a distributed algorithm to estimate clock
offsets and skews in wireless sensor networks for accurate time
synchronization. It takes advantage of noisy measurements
of the difference between time offsets (or skews) that can
be obtained while exchanging messages between neighboring
pairs of nodes. We showed that the estimator is unbiased
and converges in mean-square. Numerical simulations show
the proposed algorithm produces estimates with much lower
variance within a few iterations than algorithms proposed
in [5], [8], [9], [10], [4].

There are several aspects of the algorithm that needs
further study. We proved that the estimates converges in
the mean square sense when there are no communication
faults. Although the algorithm seems to perform well (error
variance decays monotonically) in simulations, its convergence
property in the presence of random node and link failures,
and asynchronous mode of operation, remains to be exam-
ined. In addition, our analysis assumed that communication
among node pairs is symmetric. In wireless communication,
asymmetric communication – such thatu can send data tov
but cannot receive fromv – is quite possible. The behavior
of the proposed algorithm to such asymmetry needs to be
studied, which can perhaps be done along the lines of our
earlier work [12].
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APPENDIX

We state a result that will be useful in proving Theorem 1:
Proposition 1: For a connected undirected graphG, andJ

defined by (11), we have

ρ(J) < 1,

whereρ(·) denotes the spectral radius. �

We will need the following terminology. For a matrixA,
we writeA � (≻)0 to mean thatA is entry-wise non-negative
(positive). For a vectorx, we writex � 0 to meanx is entry-
wise non-negative, andx ≻ 0 to meanx is entry-wise non-
negative and at least one entry is positive. We will need the
following result to prove Proposition 1:

Proposition 2 [Theorem (5.2), pp. 181 of [13]] LetZ = X−Y
with Z and X non-singular, and supposeX−1Y � 0. Then
ρ(X−1Z) < 1 if and only if Z−1Y � 0, in which case,

ρ(X−1Y ) = 1 −
1

1 + ρ(Z−1Y )
�.

Proof of Proposition 1: It is straightforward to see that
by construction,Lb1 ≻ 0, where 1 is the vector of all
1’s with appropriate dimension (all entries of the vector
Lb1 are zero except those corresponding to those nodes
that have edges connecting them to at least one reference).
Lb = M − N = AbWAT

b is positive definite since
W = WT > 0 and Ab is full column rank for a connected
graph [14]. From [13, condition C13, pp. 135], we get thatLb

is a non-singularM -matrix, which also ensures thatL−1
b ≻ 0

and thereforeL−1
b N � 0 [13, condition N38, pp. 137]. Now

applying Proposition VI we see thatρ(J) = ρ(M−1N) < 1,
which proves the proposition. QED�

Proof of Theorem 1: The statement about unbiasedness
of the resulting estimates follows immediately upon taking
expectation of both sides of (10). The covariance of the state
estimation error at iterationi is P (i) := E[(x − x̂(i))(x −
x̂(i))T ]. The iteration (10) is a discrete time LTI system driven
by white noise whose covariance decreases linearly with time.
It follows from straightforward calculation that, as long as
the measurement noise process{ǫ(i), i = 1, . . . } is white
with E[ǫ(i)ǫ(j)T ] = δ(i − j)R0, the covarianceP (i) evolves
according to:

P (i) = JP (i − 1)JT + BRiB
T , Ri =

1

i
R0 (12)

with initial condition P (0) := E[(x − x̂(0))(x − x̂(0))T ].

Define pi := vec(P (i)), wherevec(A) of a matrix A
is the tall column vector obtained by stacking all columns
of the matrix vertically. Similarly, defineri = vec(R(i)).
Using the vec(·) operation, the estimation error covariance
dynamics (12) can be written as

pi = (J ⊗ J)pi−1 + (B ⊗ B)ri−1,

where⊗ denotes the Kronecker product. DefineF := J ⊗
J, G := B⊗B, andy := eT

up, whereeu = [0 . . . 1 . . . 0] is
an unit vector with all zeros and a single1 at theuth location.
Now consider the discrete time linear time invariant system

pi+1 = Fpi + Gri,

yi = eT
upi

(13)

whose output is the variance of nodeu’s estimation error,
and is driven by an input sequence{ri}. SinceF = J ⊗ J ,
ρ(F ) = ρ(J)2, and thereforeρ(F ) < 1 by Proposition 1.
Since the matrixF has all eigenvalues strictly inside the unit
circle, the linear time invariant system (13) has a finiteH∞

norm from the inputr to outputy, which implies that there
exists a positive constantc < ∞ such that

sup
r

‖y‖L2

‖r‖L2
≤ c,

where‖y‖L2 =
∑

i |yi|2 is theL2-norm of the signal{yi}∞i=0

and the supremum is evaluated over all input sequences of
finite L2-norm. The sequenceri is square-summable, since
ri = 1

i
vec(R0), which follows immediately from (6). The

above implies that the sequencey(i) is square-summable too,
thereforey(i) → 0 as i → ∞. However,y(i) = E[(xu −
x̂u(i))2] is the variance of the estimation error in̂xu(i). This
proves thatx̂u(i) → xu in m.s. The same argument can be
repeated for every node by choosingy appropriately. This
proves the theorem. QED�


