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Abstract—We stl_de the p_roblem of estimating ve_ctor-valued
variables from noisy ‘relative” measurements. This problen Motivated by these applications, we study the problem of

arises in several sensor network applications. The measurent  egtimating vector valued variables from noisy measuresent
model can be expressed in terms of a graph, whose nodes

correspond to the variables and edges to noisy measurementsof Fhe dlf‘fer_ence between Ithem. In particular, denoting the
of the difference between two variables. We take an arbitray ~ variables of interest by, : i € V} whereV := {1,2,...},
variable as the reference and consider the optimal (best lear we consider problems for which noisy relative measurements

unbiased) estimate of the remaining variables. of the form (1) are available. The ordered pairs of indices

We investigate how the error in the optimal estimate of anode (,, .y for which we have relative measurements form a set
variable grows with the distance of the node to the referencaode. E that i tvoically strict bset of the set x 7 of all
We establish a classification of graphs, namely, dense or gi3& in . a 's a_ (typically S_”C) su_ set or the set x ora
R?, 1< d < 3, that determines how the optimal estimation error Pairs of indices. Just with relative measurements athie can

of a node grows with its distance from the reference node. In be determined only up to an additive constant. To avoid this
particular, if a graph is dense in 1,2, or 3D, then a node variable’s  ambiguity, we assume that a particular variable (say is
estimation error is upper bounded by a linear, logarithmic, or ;s a5 theeference which is therefore assumed known. The

bounded function of distance from the reference, respectaly. bl fi . . h . de viab
Corresponding lower bounds are obtained if the graph is spase problem of interest is to estimate the remaining node versa

in 1, 2 and 3D. Our results also show that naive measures of graph from all the available measurements.

density, such as node degree, are inadequate predictors dfe Th ¢ fi 1 b turall iated
estimation error. Being true for the optimal estimate, the scaling e measurement equations (1) can be naturally associate

laws determine algorithm-independent limits on the estimgon  With a directed graply = (7, £) with an edge from node

accuracy achievable in large graphs. to v if the measuremer, ,, is available. The grapd is called
Index Terms—estimation in graphs, sensor network, scaling themeasurement graptand each vectar,, u € ¥’ is called
law. the u-th node variable The measurement noige,e € £ is
assumed zero mean and spatially uncorrelated, Eje.] =

|. INTRODUCTION 0Ve € £ andE[e.el] =0 if e # e.

Several applications in sensor and actuator networks leadn this paper we investigate how the structure of the graph
to estimation problems where a number of variables are to feaffects the quality of the optimal estimate, of z,,

estimated from noisy measurements of the difference betweafeasured in terms of the covariance of the estimation error
certain pairs of them. Consider the problem of localizatior,, , := E[(z,, — 2.,) (24 — #4)7]. Theoptimal estimateefers
where a sensor does not know its position in a global coat the one obtained with the classical best linear unbiased
dinate system, but can measure its position relative to a sgtimator (BLUE), which achieves the minimum variance
of nearby nodes. These measurements can be obtained,af@bng all linear unbiased estimators [5]. We examine the
example, from range and angle data but are typically suljecgrowth of the BLUE error variance of a nodeas a function

to large noise (see Figure 1). In particular, two nearby @ens of its distance to the reference node.

u andv located in a plane at positions, andzx,,, respectively,

have access to the measurement We are interested in the growth of error with distance in

large graphs, for which infinite graphs (with a countably-infi
Cuo = Tu — Ty + €y v, (1) nite number of nodes and edges) serve as proxies. This paper

wheree, , denotes measurement error. The problem of interdStfocused on infinite graphs because the absence of boundary
is to use the:,,'s to estimate the positions of all the nodes ifonditions in infinite graphs allows for more complete and

a common coordinate system whose origin is fixed arbitrariﬁ”npler results. U§ing infinitg_graphs as proxies for largiei
at one of the nodes. graphs is theoretically justified by the fact that the BLUE

o o . . error variance of a node variable, in a large but finite
Similar estimation problems arise in time synchronizagpgraph of an infinite graph is arbitrarily close to the BLUE

tion [1, 2] and motion consensus in sensor-actuator Nekstimation error in the infinite graph, as long as the finitpgr

works [3]; see [3, 4] for an overview of these applicationgs syfficiently large. This convergence result was esthbtis
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grows linearly with the distance from nodeto the reference  Our classification of dense and sparse graphRind <
node. It turns out that for graphs “denser” than trees, witfl, 2, 3}, characterizes BLUE error scaling laws. For dense
multiple paths between pairs of nodes, the variance of theaphs, they provide upper bounds on the growth rate of the
optimal estimation error can grow slower than linearly witlerror, while for sparse graphs, they provide lower bountie T
distance. precise growth rates depend on which dimension the graph is
'%?nse or sparse in. When a graph is densebin2D, or 3D,
lr|espectively, the error covariance of a node is upper balinde
by a linear, logarithmic, or bounded function, respectivef
53 distance from the reference. On the other hand, when a
qgaph is sparse inD, 2D, or 3D, the error covariance of a
node is lower bounded by a linear, logarithmic, and bounded
function, respectively, of its distance from the referer@ar
sparse graphs are also known as “graphs that can be drawn in
civilized manner” according to the terminology introddce
Doyle and Snell [11] in connection with random walks.

In this paper, we introduce a novel notion of denseness
graphs that is needed to characterize how the estimation e
grows with distance. In classical graph-theoretic terugyg, a
graph withn vertices is called dense if its average node degr
is of ordern, and is called sparse if its average node degree
a constant independent of [7]. We recall that the degree of
a node is the number of edges incident on it (an edge)
is said to be incident on the nodasand v). Other notions
of denseness include geo-denseness introduced by [8]hw
requires uniform node density (nodes per unit area) but d
not consider the role of edges. In the sensor network litegat The BLUE error scaling laws derived in this paper provide
that examines the accuracy of location estimation from eangn algorithm-independent limit to the estimation accuracy
measurement, graph density (as measured by node degreacbievable in large networks, since no estimation algorith
node density) is recognized to affect estimation accurfgy [can achieve higher accuracy than the optimal estimator. For
10]. However, we will see through examples in Remark 2 thakample, when a graph is sparsel D, the optimal estimation
these notions of denseness are sufficient to characterize resror covariance grows at least linearly with the distance
the estimation error grows with distance. from the reference. Therefore the estimation accuracy vl

A key contribution of this paper is the development O@ecessarily poor in large 1D sparse graphs. On the other, hand

suitable notions of graph denseness and sparseness that a graph IS dense BD the optimal estimation error of
every node variable remains below a constant, even for nodes

useful in determining BLUE error scaling laws. These nation ¢ bit ¢ ¢ th ¢ S N
exploit the relationship between the measurement graph Ha are arpitrary far away from the reterence. So accurate
estimation is possible in very large 3D dense graphs.

a lattice. We recall that thd-dimensional square latticB,
is defined as a graph with a node in every poinfRifi with The results in this paper are useful for the design and
integer coordinates and an edge between every pair of nodeployment of ad-hoc and sensor networks. Since we now
at an Euclidean distance df (see Figure 4 for examples).know what structural properties are beneficial for accurate
The error scaling laws for a lattice measurement graph can dsimation, we can strive to achieve those structures when
determined analytically by exploiting symmetry. It turnsto deploying a network. Specifically, we should try to achieve
that when the graph is not a lattice, it can still be compareddense-irR?, with d as large as possible, for high accuracy
to a lattice. Intuitively, if after some bounded perturbatin estimation. Since the scaling laws are true for the optimal
its node and edge set, the graph looks approximately likeeatimator, they can also help designers determine if design
d-dimensional lattice, then the graph inherits the densenesquirements are achievable. For example, if the requinéiae
properties of the lattice. In that case the error covaridnce that the estimation accuracy should not decrease with size,
the lattice can still be used to bound the error covariance fimatter how large a network is, the network must be défise
the original graph. d > 3 for such a requirement to be satisfied.

Our results also expose certain misconceptions that exist i
the sensor network literature about the relationship betwe
graph structure and estimation error. In Section II-B, we
provide examples that expose the inadequacy of the usual mea
sures of graph denseness, such as node degree, in detgrminin
scaling laws of the estimation error.

While we do not discuss the computation of the opti-
mal estimates in this paper, we have developed distributed
algorithms to compute the optimal estimates with arbitrary
precision (see [4] and references therein). These algosith
Fig. 1. Relative position measurement in a Cartesian rneferérame using gre distributed in the sense that every node computes its
range and angle measurements. A local compass at each senseeded . d the inf . ded hi
to measure bearing with respect to a common North. Noisy uneasents OWN es“mat? an t e Information .nee. € FO Farry _OUt this
of the ranger,,, and angled,,, between a pair of sensors and v are computation is obtained by communication with its neigtsbor

converted to noisy measurements of relative position inathe y plane as L. . . .
Curw = [Tu,0 €08 O v, T sinby )T The same procedure is performed A preliminary version of some of the results in this paper

fﬁ: everli/ Eair of sensors tha}g can m_easur? tlTeri]r reladti;/ger_aﬂnd angle. was presented in [12]. However, [12] used stricter assiwonpti

e task then is to estimate the pOSItIOﬂS of all the no mspect to an .

arbitrary node in the network from the relative position sw@aments. to eStabI,IS,h the upp_gr bounds on error grOWth rates. Morgove
only sufficient conditions were obtained in [12] for somelod t




error scaling laws to hold; whereas here we derive necesshmthe above, for two matriced, B € R¥*¥, A > B (A >
and sufficient conditions. B) meansA — B is positive definite (semidefinite). We write
Organization:The rest of the paper is organized as followsd < B (A< B) if —A> —-B (—A > —B).

Section Il describes the problem and summarizes the mairwe also assume throughout the paper that measurement

results of the paper. Section Il describes key propertfes o hs d  h el ed A b ¢ od
dense and sparse graphs. Section IV briefly describes fjgpns do not nave paratel edges. A umber ol edges are
id to be parallel if all of them are incident on the same pair

analogy between BLUE and generalized electrical networR . . .
gy g nodes. The condition of not having parallel edges is not

from [6] that is needed to prove the main results. Section " . . .
contains the proof of the main result of the paper. Section Jgstrictive since parallel measurements can be combirted in
Saes'single measurement with an appropriate covariance, while

deals with the question of how to check if a graph posses i .
the denseness/sparseness properties. The paper ends wiFFEVINg the BLUE error covariances (see Remark 3).

a few final conclusions and directions for future research inGijven a finite measurement networlGanite, P), where

Section VII. Grnite CONtains the nodes and o, it is straightforward to
compute the optimal estimaté, (Ganite) Of the unknown
Il. PROBLEM STATEMENT AND MAIN RESULTS node variablez, in the network (Ggnite, P), as described

Recall that we are interested in estimating vector-valuéa [6], and the covariance matrix of the estimation error
variablesz, € R*, u € ¥ := {1,2,...}, from noisy relative X o(Ganite) := E[(zy — &4)(z. — £,)7] exists as long as
measurements of the form: Grinite 1S Weakly connected [6]. Due to the optimality of
the BLU estimator,X,, ,(Ganite) iS the minimum possible

Cuv =Tu =Ty +eup, (w,0) €L (@) estimation error covariance that is achievable by any finea
wheree,, , denotes a zero-mean measurement noisezamgl estimator using all the measurements in the gréghe.
the set of ordered pais:, v) for which relative measurements
are available. The node set is either finite, or infinite but
countable. We assume that the value of a particidBarence

When the measurement graph is infinite, the BLUE error
covariancex,, , for a node variable:,, is defined as

variable z, is known and without loss of generality we take Yo = inf Xy o(Ganite), (3)
z, = 0. The node set/ and the edge set together define ' Gtinite
a directed measurement gragh= (7, ). where the infimum is taken over all finite subgraghsit. of

The accuracy of a node variable’s estimate, measured%th"ﬂ_Co_ntaln the nodes_and o. We k(iefme a matrlxM to
terms of the covariance of the estimation error, depends B theinfimumof the matrix sets' C S**, and denote it by

the graph as well as the measurement errors. The covariance M = inf S, (4)
matrix of the error, ,, in the measuremeny, ,, is denoted by

Py, i.e., Py, := Eley e, ,|. We assume that the measureif M < A for every matrixA € S, and for every positive
ment errors on different edges are uncorrelated, i.e.,ferye reale, there exists a matri8 € S such thatM + e, > B.
pair of distinct edgeg, e € £, E[e.cl] = 0. The estimation Under Assumption 1, it was shown in [6] that the infimum
problem is now formulated in terms of metwork (G, P) in (3) always exists. In this case, (3) means that the BLUE
where P : £ — SF* is a function that assigns to each edgeovariancez,, , is the the lowest error covariance that can be
(u,v) € £ the covariance matrid’, , of the measurementachieved by using all the available measurements.

error associated with the edge, v) in the measurement graph
G. The symboB*+ denotes the set d@fx k symmetric positive-
definite matrices.

In the sequel, we determine how the BLUE covariahge,
grows as a function of the distance of nadé¢o the reference
o, and how this scaling law depends on the structure of the
As discussed in Section |, our results are stated for infiniteeasurement grapf. To this effect we start by providing a
networks. The following conditions are needed to make suggassification of graphs that is needed to characterizertioe e
that the estimation problem is well posed and that the estignascaling laws.
satisfy appropriate convergence properties to be disdusse

hortly:
snorty A. Graph Denseness and Sparseness

Assumption 1 (measurement networkhe measurement . . . : .
network (G, P) satisfies the following properties: We start by _mtroducmg graph drawings, which will later
. ] O . allow us to define dense and sparse graphs.

1) The graphg is weakly connected, i.e., it is possible to go 1) Graph Drawings: The drawing of a grapl§ = (/. %)

from every node to every other node traversing the gra[ﬂpad-dimensional Euclidean space is obtained by mapping the

ecrzl‘ges Withoﬁt rega::d.to edge directiocr;. deat nodes into points iR? by a drawing functionf : 7V — R9.
2) The graphg as a Inite maximum node degree A drawing is also called a representation [13] or an em-
3) The edge-covariance functiaf is uniformly bounded, bedding [7]. For a particular drawing, given two nodes

l.e., there exists constant Symmetrlc pOSItlve matrlc%s’v c 1 the Euclidean distance betweean and v induced
Pmina Pmax SUCh thatpmin S Pe S Pmaxa Ve € £.

O by the drawingf : ¥ — R? is defined by

1The degree of a node is the number of edges that are incidehearode. d L
An edge(u, v) is said to be incident on the nodasand v. f(u v) = [|f(v) = fu)],



where || - || denoted the usual Euclidean norm Rf. It is
important to emphasize that the definition of drawing allows
edges to intersect and therefore every graph has a drawing
in every Euclidean space. In fact, every graph has an infinite
number of drawings in every Euclidean space. However, a
particular drawing is useful only if it clarifies the relatiship
between the graph and the Euclidean space in which it is
drawn. In what follows, given two nodes and v, dg(u,v)
denotes thegraphical distancebetweenu and v, i.e., the
number of edges in the shortest path betweeandv. The
graphical distanceig is evaluated without regards to edge
directions, which are immaterial in determining BLUE error
covariances (see Remark 4).

For a particular drawing’ and induced Euclidean distance
dy of a graphG = (v, ), four parameters are needed to
characterize graph denseness and sparsenessmifiiraum
node distancedenoted bys, is defined as the minimum

Euclidean distance between the drawing of two nodes ~ Fi9- 2. A drawing of a graph in 2D Euclidean space, and theesponding
denseness and sparseness parameters. Since the minitaaceietween

any two nodes id, the minimum node distance is= 1. Since the longest

s:= inf dy(u,v).

w0EV edge is between* andv*, the maximum connected rangeris= /10. The
v#U diameter of the largest ball that can fit inside the drawinthetit enclosing

Th . ted d ted b is defined any node is2, so the maximum uncovered diameter is thus= 2. The
€ maximum connected rangeaenote yr, 1S 0€NNed as yinimal ratio between the Euclidean and graphical distari@pair of nodes

the Euclidean length of the drawing of the longest edge s achieved by the paip*, ¢*, hence the asymptotic distance ratiogs=
dg(p*,q*)/dg (p*,q*) = 1/5.
r:= sup df(u,v).
(u,)EE
The maximum uncovered diametatenoted byy, is defined _
as the diameter of the largest open ball that can be placed ir?) Dense and Sparse GraphsVe call the drawing of a

R such that it does not enclose the drawing of a node  9graph with finite maximum uncovered diameter< oc) and
positive asymptotic distance ratip & 0) adense drawingWe

7y = sup {5 13Bs st f(u) ¢ Bs,Vu € "V}, say that a grap§ is dense irR¢ if there exists a dense drawing

of the graph inR?. Graph drawings for which the minimum

node distance is positive ¢~ 0) and the maximum connected

range is finite £ < co) are calledcivilized drawings{11]. A

graphg is said to besparse inR? if there exists a civilized
p:= lim inf {M cu,v € YV anddg(u,v) > n} drawing inR*.

n—oo dg(u,v) It follows from these definitions and Lemma 1 that if a
Essentiallyp provides a lower bound for the ratio betweemraph is dense ifR?, then it has enough nodes and edges
the Euclidean and the graphical distance for nodes thataredo that is possible to draw it ilR? in such a way that its
apart. The asymptotic distance ratio can be thought of as modes coverR¢ without leaving large holes (finite), and
inverse of thestretchfor geometric graphs, which is a well-yet a small Euclidean distance between two nodes in the
studied concept for finite graphs [14]. drawing guarantees a small graphical distance between them
positive p, which implies (5)). On the other hand, if a graph
hat is sparse ifR?, then one can draw it ilR? so as to
eep a certain minimum separation between nodes (positive
s) without making the edges arbitrarily long (finitg. It also
follows from the definitions that a graph must be infinite to be
dense in any dimension, and a finite graph is sparse in every
dimension.

where the existential quantification spans over the lajlin
R? with diameters and centered at arbitrary points. Finally
the asymptotic distance ratjadenoted byp, is defined as

The two parameterp and r defined above are especially(
useful to compare graphical and Euclidean distances, tesist
in the following result.

Lemma 1 (Euclidean vs. graphical distance3he follow-
ing two statements are equivalent:

1) The asymptotic distance ratjpis strictly positive.

2) There exist constants > 0, 5 > 0 for which
A graph can be both dense and sparse in the same dimen-
dg(u,v) < adg(u,v) + 5, Vu,v€¥. () gion For example, thé-dimensional lattice is both sparse and

Similarly, the following statements are equivalent: dense inR¢. However, there is no civilized drawing of the
1) The maximum connected rangss finite. dimensional lattice irR? for any d < d. Moreover, there is
2) There exist constanis > 0, § > 0 for which no dense drawing of thé-dimensional lattice irR? for every

d > d. This means, for example, that the 3D lattice in not
df(u,v) < adg(u,v) + 6, Vu,v € V. - sparse in 2D and is not dense in 4D. In general, a graph being
The proof of this lemma is provided in the Appendix.  dense in a particular dimension puts a restriction on which



dimensions it can be sparse in. The next result, proved in
Section VI, states this precisely.

Lemma 2:A graph that is dense iiR? for somed > 2,
cannot be sparse R for everyd < d. O

Remark 1 (historical note)in the terminology of Doyle
and Snell [11], our sparse graph are said to be graphs “that
can be drawn in a civilized manner”. In this paper we refer to
such graphs as sparse graphs since they are the antitheses of
dense graphs. O

B. Error Scaling Laws

The concepts of dense and sparse graphs allow one to
characterize precisely how the BLUE error covariantge,
grows with the distance from the nodeto the reference.

The next theorem, which establishes the BLUE error scaling
laws for dense and sparse graphs, is the main result of the
paper. The proof of the theorem is provided in Section V.

¢
"
’

Theorem 1 (Error Scaling Laws)Consider a measurement
graph ¢ = (¥,E) that satisfies Assumption 1, with a
reference node € 7. The BLUE error covarianc&,, , for

a nodeu obeys the scaling laws shown in Table I. 0 Fig. 3. Three measurement graphs that show vastly diffexeaiing laws of
the estimation error, whereas each has the same node degreeefy node.
Notation In Table I, the usual asymptotic notatiof¥-) and Furthermore, they are all “sparse” according to traditiogeaph-theoretic

O(+) are used for matrix valued functions in the following way'¢"minology (see the discussion on graph denseness iroBdy
For a matrix-valued functioy : R — R*** and a scalar-
valued functionp : R — R, the notationg(x) = O(p(zx))
means that there exists a positive constantaind a constant
matrix A € Skt such thatg(z) < Ap(z) for all x > =,.
Similarly, g(z) = Q(p(xz)) means there exists a positiv
constantz, and a constant matrib@ € SFT such that
g(z) > Bp(z) for all z > z,. Recall thatS¥* is the set
of all & x k symmetric positive definite matrices.

A graph can be both sparse and dense in a particular Ill. D ENSE AND SPARSEGRAPHS
dimension, in which case the asymptotic upper and lowerThis section establishes an embedding relationship betwee
bounds are the same. For a graph that is both sparse and deles@&e and sparse graphs and lattices, which is needed ® prov
in R?, the error covariance grows with distance in the samfheorem 1. Roughly speaking, a graghcan be embedded
rate as it does in the corresponding latti¢e in another graptg if G contains all the nodes and edges of

Remark 2 (Counterexamples to conventional wisdofty: g, and -perhaps a few more. The gsefglness of embedding in
answering the error scaling question is that witercan be

noted in Section |, the average node degree of a grapheorbedded irG, the BLUE error covariances i are larger

the number of nodes and edges per unit area of a deplo : = :
ges p PlOYEaN the corresponding onesgn(this statement will be made
network are often used as measures of graph denseness

However. these measures do not : . \Bre(':ise in Theorem 5 of Section V).

: predict error scaling laws. i

The three graphs in Figure 3 offer an example of the The i-fuzz of a graphg, introduced by Doyle and Snell
inadequacy of node degree as a measure of denseness. [tk iS @ graph with the same set of nodescasut with a
figure shows a3-fuzz of the 1D lattice (see Section Il for larger set of edges. Specifically, given a grgpand a positive
the formal definition of a fuzz), a triangular lattice, and #'t€gerh, ah-fuzz of G, denoted byG("), is a graph that has
3-dimensional lattice. It can be verified from the definitiong" €dge between two nodesand v whenever the graphical
in Section I1-A2 that the3-fuzz of the 1D lattice is both distance between these nodegjins less than or equal th.
dense and sparse iR, the triangular lattice is dense and We say that a graply = (7/,%) can beembeddedn
sparse inR?, and the 3D lattice is dense and sparseRih another graplG = (v, ) if ¥ C 9, and, whenever there
Thus, it follows from Theorem 1 that the BLU estimatioris an edge between two nodesdnthere is an edge between
error scales linearly with distance in ttefuzz of the 1D them inG. More preciselyG can be embedded id if there
lattice, logarithmically with distance in the triangulattice, exists an injective map) : 7/ — 4/ such that for every
and is uniformly bounded with respect to distance in 3¢ (u,v) € £, either (n(u),n(v)) € £ or (n(v),n(u)) € £. In

(c) A 3D lattice

lattice, even though every node in each of these graphs has
the same degree, namely .six O

We note that the notion of geo-denseness introduced in [8]
8s also not useful for characterizing error scaling lawssin
geo-denseness considers node density alone without regard
the edges.



TABLE |
COVARIANCE ¥4, , OF ,,' S OPTIMAL ESTIMATION ERROR FOR GRAPHS THAT ARE DENSE OR SPAESN RY. IN THE TABLE, dy, (u,0) DENOTES THE
EUCLIDEAN DISTANCE BETWEEN NODEu AND THE REFERENCE NODEo INDUCED BY A DRAWING fy : %/ — R? THAT ESTABLISHES THE GRAPHS
DENSENESS IN THEEUCLIDEAN SPACER?, AND dfé (u,0) DENOTES THEEUCLIDEAN DISTANCE INDUCED BY A DRAWING f} : ¥ — R? THAT
ESTABLISHES THE GRAPHS SPARSENESS

Euclidean space Covariance matrix:, o of the estimation error off Covariance matrix-,,,, of the estimation error of
and graph example x,, in asparse graphwith a sparse drawing}, z, in adense graphwith a dense drawingy
R Suol@) = 9(dg; (1,0)) Suo(@) = O(dy, (u,0))
Suo(9) = 2 logdyy (u,0)) Suo(g) = 0(logdy, (u,0))
Suol@) = 9(1) Suo(@) = 0(1)

the sequel, we usg C G to denote thaty can be embedded (i) if 7 : ¥z, — ¥ is an embedding 0%, into G, then,
in G. Yu e v, Juaen(Vz,) C v such thatdg(u,u) < c.

Moreover, if f : ¥ — R? is a dense drawing of in R¢,
then the embedding functiom in (ii) can be chosen so that

A. Relationship with lattices and Euclidean spaces Yu,v € V, we can findu., v, € Vz, satisfying
The next theorems (Theorem 2 and 3) show that sparse
graphs can be embedded in fuzzes of Latices, and fuzzes of dg(u,n(uz)) < ¢, dg(v,n(v:)) <c
dense graphs can embed lattices. In these two theorem we use Vd (7)

dz,(-) to denote the graphical distance in the latti€g and
ds(-) to denote the Euclidean distancel&f induced by the
drawing f. wherey is the maximum uncovered diameter of tha@rawing

Theorem 2 (Sparse Embedding}: graphG = (v, ) is of G. . . Lo D
sparse irR¢ if and only if there exists a positive integeisuch [N words, the two conditions state thétis dense iR if
thatG Z((ih). Moreover, iff : / — R is a civilized drawing and only if (i) thed-dimensional lattice can be embedded in

of G in RY then there exists an embedding © — 7, S0 an h-fuzz of G for some positive integel and (ii) every node

d
dz,(us,v;) < 4d+ —dy(u,v)
Y

of G that is not the image of a node I, is at a uniformly
thatVu,v € v, . : . .
bounded graphical distance from a node that is the image of
1 a node inZ4. The significance of (7) is that not only we can
> ~dy —2]. i ; ;
dz, (n(u),n(v)) = Vd (de (u,0) 2) ©) find for every node irg a close-by node that has a pre-image

wheres is the minimum node distance in thedrawing ofg in the lattice, but also these close-by nodes can be so chosen
9 *so that if the Euclidean distance between a pair of nades
O ) N : X ;
andv in the drawing is small, then the graphical distance in

In words, the theorem states thatis sparse inR” if and the lattice between the pre-images of their close-by nosles i
only if G can be embedded in anfuzz of ad-dimensional small as well.

lattice. The significance of the additional condition (6}hsit
if the Euclidean distance between a pair of nodesdv in a
civilized drawing of the graph is large, the graphical dis&
in the lattice between the nodes that correspond tnd v IV. ELECTRICAL ANALOGY

must also be large. . . . . . .
A crucial step in proving the main results of this paper is

The first statement of Theorem 2 is essentially takgfe analogy introduced in [6] between the BLU estimation

from [11], where it was proved that if a graph can be drawyohlem and an abstract electrical network, where currents
in a civilized manner inR¢, then it can be embedded in @otentials and resistances are matrix valued.

h-fuzz of a d-lattice, whereh depends only ors andr. A

careful examination of the proof in [11] reveals that it isno A generalized electrical networlG, R) consists of a graph
only sufficient but also a necessary condition for embedtingGg = (V,E) (finite or infinite) together with a functior® :
lattice fuzzes. The proof of this theorem is therefore ceditt £ — S*t that assigns to each edgec £ a symmetric

Theorem 3 (Dense Embedding): graph ¢ = (7, %) is positive definite matrixR. called thegeneralized resistance

dense inR? if and only if there exists finite, positive integersOlc the edge.
h andc such that the following conditions are satisfied A generalized flow from node € 7/ to nodev € ¥ with
(i) 6™ > Z,, and, intensityj € R¥** is an edge-functiory : £ — R*** such



that Remark 3:In an electrical network, parallel resistors can
be combined into one resistor by using the parallel resigtan

D s
Z _— Z . J_ Zj . Vpev. (8) formula so that the effective resistance between everygdair

Ejp’q qu’p R DR ) p ’ nodes in the network remain unchanged. The same can be done
(ea)e (ap)¢ 0 otherwise in generalized electrical networks [15]. The analogy betwe

A flow j is said to have finite support if it is zero on all but £-UE covariance and effective resistance means that parall
finite number of edges. We say that a flovis a generalized measurement edges with possibly distinct measurement erro

currentwhen there exists ode-functionl : V. — Rkxk for covariances can be replaced by a single edge with an equiva-
which lent error covariance, so that the BLUE error covarianceslof

, nodes remain unchanged. This explains why the assumption
Ruviup =Vu = Vo, V(u,v) €E. (9) of not having parallel edges made at the beginning is not

The node-functionV is called ageneralized potential as- "€Strictive in any way.

sociated with the current. Eg. (8) should be viewed as a

generalized version of Kirchhoff’s current law and can bB. Graph Embedding and Partial Ordering of BLUE Covari-
interpreted as: the net flow out of each node other thanances

andv is equal to zero, whereas the net flow out.ols equal  Effective resistance in scalar electrical networks satsfi

to the net flow intav and both are equal to the flow intensjty  Rayleigh’s Monotonicity Law, which states that the effeeti

Eq. (9) provides in a combined manner, a generalized versiQiiistance between any two nodes can only increase if the

of Kirchhoff's loop law, which states that the net potenti@p resjstance on any edge is increased, and vice versa [11]. The
along a circuit must be zero, and Ohm's law, which states thaly; result (proved in [6]), states that the same is true for
the potential drop across an edge must be equal to the pro‘b’éﬁeralized networks, whether finite or infinite.

of its resistance and the current flowing through it. A citésii Fa}heorem 5 (Rayleigh's Monotonicity Law [6])Consider

an undirected path that starts and ends at the same node.t lized electrical net S R d(G. R) with
k =1, generalized electrical networks are the usual electricy® 9eneraiized electrica networkg/, ) and (G, &) wi

networks with scalar currents, potentials, and resistors. graphsG = (v, Z) anqg =, z)., respectively, such that
both the networks satisfy Assumption 1. Assume that

A. Effective Resistance and BLUE Error Covariance 1) G can 7befembeddeddiﬁ, ie,g g, and
. . >R )
It was shown in [6] that when a current of intensitye 2) Ko > Re for e\_/ery edoee € £
R*** flows from nodeu to nodew, the resulting generalized 1"€N: for every pair of nodes, v € 7’ of g,
currenti is a linear function of the intensityand there exists Reft > peft
a matrix B¢, € S¥ such that T

5 Pk where R°f and R are the effective resistance between
V, -V, = RTi, vieRM

( U,V U,v

andv in the networksG, R) and (G, R), respectively. [
We call the matrixR:™ the generalized effective resistance The usefulness of Rayleigh’s Monotonicity Law in an-

.'U. . . g .
betyveenu and v. In view of thls_ definition, the_ effective swering the error scaling question becomes apparent when
resistance between two nodes is the generalized potentighpined with the Electrical Analogy. It shows that whgn
difference between them when a current with intensity equaly pe embedded id. the BLUE error covariances ig are
to the identity matrixI;, is injected at one node and extractegyyer bounded by the error covarianceginintuitively, since

at the other, which is analogous to the definition of effee:tin has only a subset of the measurement§jrthe estimates
resistance in scalar networks [11]. Note that the effecti\(ﬁg are less accurate than thosedn

resistance between two arbitrary nodes in a generalized net

work is a symmetric positive definite matrix as long as the Remark 4:Although the graply that defines the electrical

network satisfies Assumption 1, whether the network is finiRetwork (G, R) is directed, the edge directions are irrelevant
or infinite [6]. in determining effective resistances. This is why Rayl&igh

lized electrical K ful i dvi Monotonicity Law holds with graph embedding, which is
Generalized electrical networks are useful in studying thesoqjtive to edge directions. The electrical analogy als

BLU estimation error in large networks because of the fO“OV\é plains why the edge directions are irrelevant in deteirmgin
ing analogy between the BLU estimation error covariance agﬁor covariances O]

the generalized effective resistance.

Theorem 4 (Electrical Analogy, from [6])Consider a C. Trianale Inequalit
measurement networkG, P) satisfying Assumption 1 with 'ang quality
G = (v,Z) and a single reference nodec 7. Then, for Matrix-valued effective resistances satisfy a triangle in
every nodeu € 7 \ {0}, the BLUE error covarianc&, , €quality, which will be useful in proving the error scaling
defined in (3) is a symmetric positive definite matrix equal tWws in Section V. It is known that scalar effective resistan

the generalized effective resistanBe&// betweenu ando in  0Obeys triangle inequality, and is therefore also refercedd
the generalized electrical netwo(@,j?): the “resistance distance” [16]. Although the result in [16]

was proved only for finite networks, it is not hard to extend

— Reff . L - . .
B0 = Ryo- it to infinite networks. The following simple extension of



e 8 v, ® Proof of Lemma 5: The caseh = 1 was proved in [6],
using known results about scalar effective resistand@in1)
from [18, 19]. The casé > 1 follows from the application
of Lemma 4.

PP V. PROOF OFTHEOREM 1

(@ 1D latticeZ,  (v) 2D latticeZ;  (c) 3D lattice Z; We now prove Theorem 1 by using the tools that have been
developed so far. The following terminology is needed fa th
proofs. For functiongy : R — R*** andp : R — R, the
notation g(y) = ©(p(y)) means thayy(y) = Q(p(y)) and
g(y) = O(p(y)). The notationgD(-) and () are described
in Section II.

Proof of Theorem 1: [Upper bounds:] We start by
establishing the upper bounds on the effective resistaoice f
Lemma 3 (Triangle Inequality)Let (G, R,) be a general- graphs that are denseltf.. Throughout the proof of the upper
ized electrical network satisfying Assumption 1 with a corbounds, we will useR: (G), for any graphg, to denote the
stant resistanc®, € S** on every edge of. Then, for every effective resistance between nodesand v in the electrical

Fig. 4. Lattices.

the triangle inequality to generalized networks with canst
resistances on every edge was derived in [15]:

triple of nodesu, v, w in the network, network (G, Pnax) With every edge ofj having a generalized
off off off resistance ofP,,... From the Electrical Analogy theorem and
Ry < By + Ly - O Monotonicity Law (Theorems 4 and 5), we get

Suo < RE(G).

To establish an upper bound &5, ,, we will now establish an
dipper bound on the resistanﬂgﬂ(g). To this effect, suppose
. ; a0 ;
between two nodes andv whenever the graphical distancgnat/ is @ dense drawing d& in R®. From dense embedding
Theorem 3, we conclude that there exists a positive intéger

between them i is less than or equal th. _ s
. . . such that thei-D lattice Z,; can be embedded in thefuzz
An h-fuzz will clearly have lower effective resistance thara)f G. Moreover, Theorem 3 tells us that there existso. €
the original graph because of Rayleigh’s Monotonicity LaWVZ a positive’ constant, and an embedding : _}Z{V
but it is lower only by a constant factor as stated in thg %d into ™. such that ¢
following result, which is a straightforward extension toet '
generalized case of a result about scalar effective resista dg(u,n(uz)) < ¢, dg(o,m(0z)) <c (11)

established by Doyle [17].

D. Effective Resistances in Lattices and Fuzzes

Recall that given a grapf and a positive integeh, the
h-fuzz of G, denoted byG(™, is a graph that has an edg

. . dZd(uza Oz) <dd+ ﬁdf(ua 0)7 (12)
Lemma 4:Let (G, R,) be a generalized electrical network v

satisfying Assumption 1 with a constant generalized rastst where is the maximum uncovered diameter of tharawing
R, € Sk* on its every edge. LetG("), R,) be the electrical of G. Note thatn(u.),n(0.) € ¥. Consider the electrical
network similarly constructed o), the h-fuzz of G. For network (G, P,...) formed by assigning to every edge of
every pair of nodes andv in 7, G a resistance of2,... From the triangle inequality for

OéRfv(g) < Rifv(g(h)) < Rifv(g)7 effective resistances (Lemma 3),

’ R (G < Reft gy 4 Reft G
whereR:! (.) is the effective resistance in the netwdrkR,) oG < “’"(“;Zf( ) ) )t (G7)
anda € (0,1] is a positive constant that does not depend on + Rn(oz),o(g )- (13)

u andv. U For any two nodesu,v € v, application of the triangle

The following lemma establishes effective resistanceg-in inequality Lemma 3 to successive nodes on the shortest path

dimensional lattices and their fuzzes. joining w and v gives usR:™ (G™)) < dga) (u,v) Prax <
) o ) %dg(u,’U)PmaX. Using this bound in (13), and by using (11),

Lemma 5:For a given positive integeh, consider the e conclude that
electrical network(Zg‘),Ro) with a constant generalized A
resistanceR, € SFt at every edge of thé:-fuzz of the R(GM) < =, Pmax + Ry o0 (GM). (14
d-dimensional square latticZ,;. The generalized effective . ) o o
resistanceR<” between two nodes and v in the electrical SN¢€9™ 2 Za, from Rayleigh’s Monotonicity Law (Theo-

netWOI’k(Z((ih),Ro) Satlsfles rem 5), we Obta|n

. eff h eff
1) RS (Z{") = ©(dz, (u,v)) Ryl o) (@) < BT, (Za)-
2) Rfv(zgh)) = O(logdz, (u,v)), Wheng is dense in, say, iik?, we have from Lemma 5 that
eff (h)y _
3) Ry, (257) = ©(1). O R (Zs) = © (logdz, (u=,0.)),



which implies
Rt ) o) (G™) = O (log dz, (us, 0.))
Combining this with (12) and (14), we get
R,(G™) = O (log dy(u, 0)).

From Lemma 4 we know that the effective resistancg iand
its h-fuzz is of the same order, so that

B (G) = 0 (R G™M)),
from which the desired result follows:
Suo < R (G) = O (logdy(u,0)).

The statements of the upper bounds foand 3-dimensions

can be proved similarly. This concludes the proof of the uppe

bounds in Theorem 1.

[Lower bounds:] Now we establish the lower bounds on the
BLUE error covarianc&,, , in a sparse graph. Throughout the

proof of the lower bounds, for a gragh we will use R, (G)
to denote the effective resistance between nadesid v in
the electrical networKG, P,;,) with every edge off having

Euclidean space in which they are deployed. We can use this
natural drawing to construct the following examples of dens
and sparse graphs.

Proposition 1: 1) Deploy a countable number of nodes
in R? so that the maximum uncovered diameteof its
natural drawing is finite, and allow every pair of nodes
whose Euclidean distance is no larger thanto have
an edge between them. The resulting graph is weakly
connected and dense Rr’. Such a graph is also sparse
in RY if the nodes are placed such that every finite volume
in RY contains a finite number of nodes.

2) Consider an initial deployment of nodes on a square
lattice in R?, for which a fraction of the nodes has
subsequently failed. Suppose that the number of nodes
that failed in any given region is bounded by a linear
function of the area of the region, i.e., that there exist
constantsy and § such that, for every region of are
the number of nodes that failed in that region is no larger
than aA + 5. Assuming thatr < m, there will be
an infinite connected component among the remaining
nodes, which is dense and sparseib. O

The proof of the proposition above is provided in the

a generalized resistance Bf,i,. From the Electrical Analogy Appendix.
and Rayleigh’s Monotonicity Law (Theorems 4 and 5), we get

Suo = RET(G). (15)

Therefore, to establish a lower bound &5 ,, we proceed
by establishing a lower bound on the resistarfeg’ (G).

Since G is sparse inR¢, it follows from Theorem 2 that
there exists a positive integér, such thatG C Zfih). Let

n: VY — Vg, be the embedding of into Zfih). Consider
the generalized electrical networGZfih),Pmin) formed by
assigning a generalized resistancef;,, to every edge of
Zfih). From Rayleigh’s monotonicity law, we get

R(G) (Z3"),

whereu, = n(u),o0, = n(o) refer to the nodes irZElh) that

> RCH

Uz,02

(16)

The first example in the proposition is that of a geometric
graph that is obtained by placing a number of nodes in a region
and specifying a range such that a pair of nodes have an edge
between them if and only if the Euclidean distance between
them is no more than the given range. The second example
refers to a network in which some of the initially deployed
nodes have failed, with the stipulation that in large areas,
more than a certain fraction of the node may fail. For example
6 =5 anda = 0.04 satisfies the stated conditions. It can be
shown thatg = 5 anda = 0.04 means that in areas larger
than10 x 10, at most4% of the nodes may fail.

To show that a graph is not dense (or not sparse) in a
particular dimension is harder since one has to show that
no drawing with the required properties exists. Typicathys

correspond to the nodes o in G. When the graph is sparsecan be done by showing that the existence of a dense (or

in, say,R?, it follows from (16) and Lemma 5 that

Ri[L(6) = 9 (log dz, (v, 0.))
= Q(logdy(u,0)),

where the second statement follows from (6) in Theo-

rem 2. Combining the above with (15), we g&,, =

Q(logdy(u,0)), which proves the lower bound for graph that

are sparse ifR%2. The statements for the lower bounds graphs ' : i
can be proved in an analogouspend'x' The proof of the second statement is not provided

that are sparse iiR! or R?

manner. This concludes the proof of the theorem. ]

VI. CHECKING DENSENESS ANDSPARSENESS

To show that a graph is dense (or sparse) in a particuﬁ%
dimension, one has to find a drawing in that dimension wi

the appropriate properties. For sensor networks, sometinge

natural drawingof a deployed network is sufficient for this

sparse) drawing leads to a contradiction. An application of
this technique leads to the following result.
Lemma 6: 1) Thed-dimensional latticeZ, is not sparse
in R4 for everyd < d, and it is not dense iR? for every
d>d.
2) A regular-degreeinfinite tree is not dense or sparse in
any dimension. O
The first statement of the lemma is provided in the Ap-

since the method of the proof is similar.
We are now ready to prove Lemma 2.

Proof of Lemma 2:To prove the result by contradiction,
ppose that a grapf is dense inR¢ as well as sparse in

l[ﬁ , whered < d. It follows from Theorems 3 and 2 that there

exist positive integers, p such thatZ, c G andg c Zfip).
It is straightforward to verify the following facts:

purpose. By the natural drawing of a sensor networ.k W€ MEaR graph is called regular-degree if the degree of every nadéé graph
the mapping from the nodes to their physical locations in thethe same.



1) for every pair ofgraphgjg that do not have any parallel Although the dense and sparse classification does allow
edgesG c G = G c G for every positive integet. randomness in the structure of the graph, the effect of such
2) for an arbitrary grapl§y without parallel edges, and tworandomness on the scaling laws for the error is not expficitl
positive integerd, p, we have(G®)(®) = g0, accounted for in the present work. A useful research dacti
It follows that Z, C ng), which means, from sparseW°U|d be to characterize the estimation error covariances

embedding Theorem 2, thatdadimensional lattice is sparsel 9raphs with random structure, such as random geometric

in RZ. This is a contradiction because of Lemma 6, whiclraphs [23]. Another interesting avenue for future regearc
completes the proof. m s the investigation of estimation error growth in scaleefr

networks that do not satisfy the bounded degree assumption.
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so that the maximum uncovered diametéof the f’ drawing

of G is 1. Note thatf’ is still a dense drawing of. Now we

superimpose the naturgddrawing ofZ; on the f’-drawing of

G, and draw open balls of diametércentered at the natural
APPENDIXA drawingg(u.) of every lattice node, denoted Hy(g(u.), ).

TECHNICAL PROOFS Figure 5 shows an example R?. Sincey’ = 1, it follows

from the definition of denseness that in every one of those

Proof of Lemma 1: We prove that 1 implies 2 b
P P ylballs, there is at least one node ¢ 9. To construct the

contradiction. Assuming that 2 does not hold, we have tha
Va VB 3Fu,v € ¥ such thatdg(a,v) > ads(a,v) + 6.
or equivalently
Voo VB Fu,ve v

such that
df (1_1,,’(_)) 1 ﬁ

dg(u,0) ~ o  adg(u,0)’

This means that for a given, 3, the set

d
{% cu,v € YV anddg(u,v) 25}

contains at least the element Fig. 5.  Superimposing a 2-dimensional lattice (gray/brovem a 2-
df (ﬁ, 17) 1 3 1 dimensional dense graph (black).

@) ~a adg@o) " a

embedding, we associate each node of the lattice to a node of

G whose drawing appears inside the ball centered around the

inf { dp(u,v) | u,v €V anddg(u,v) > 5} L lattice node. This defines a injective functign vz, — v'.
dg(u,v) - o Consider two nodes of the lattice,,v. € 7z, that have

and therefore
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an edge between them. L&t := n(u,),v = n(v,). Since
f'(w) and f'(v) belong to adjacent balls of unit diameter (se€ince Z ¢ G, there is an injective map : vz, — ¥
Figure 5), such that)(7z,) C 7. Pick a nodes in ¢ that has not been
o L . drawn yet. By (ii), there exists a positive constantnd a
dy(a,0) = || f'(a) = f @) < 2. nodeu, € Vz, such thati := n(u.) € ¥ anddg(u, ) < c.
Sincef’ is a dense drawing iR with ' = 1, it follows from If @ has not been drawn yet, then draw it the location of its
Lemma 1 thatlg (i, 7) < 2o+ /3, for some positive constantscorresponding lattice node, i.e.,

a and 3. Defineh = [2a 4+ B]. Thenw and v will have an F(a) = glu.). (20)
edge between them in thefuzz ™. SoGg") > Z,, and we
have the desired result that denseness implies (i). A little thought will reveal that ifz has been drawn already,

as long as the drawing procedure outlined so far is followed,
A A it must have been drawn on the lattice locatigm. ), so (20)
1(Vz,), then (i) is trivially true (choose: := w), S0 only o145 Onces is drawn, we draw in the following way. In

nodes in? \ 1(7z,) are interesting. For every € 7, find = g, _ u, drawing ofu is determined by the drawing of

us € Vz, as the node in the lattice such that the ball of "t , -, 4 draww by choosing a random location inside
unit diameter drawn around. is closest tou. That is, find

an open ball of diameter with the center atf(uz). To show
uz € Vg, such that that a drawing obtained this way is dense, first note that the
u, = arg min dist (f/(u% B(g(u;), 1/2)) (17) largest uncovered digmet@r< 2 sin_c_e a supset of the nodes
of 9 occupy the lattice node positions. Pick any two nodes
. ) 4 4 wv € V. Again, from (i), we know that there exists v €
wheredist(z, A) between a point € R* and a setd C R 0(Vz,) C V such thatdg (u, @) < ¢ and dg(v,7) < c for

is defined as some positive constant Therefore

To show that denseness implies (ii), first note thatife

/ q
u, € Vzd

dist(z, A) = inf ||z — y||.
yea dg(u,v) < dg(u, ) + dg(u,v) + dg(v,v)

There are only2? balls one needs to check to determine < 2c+ hdgm (u,?)

the minimum in (17), sou, exists, though it may not be . ")

unique. If there are multiple minima in (17), pick any one>Nc€Za C G-,

This procedure defines an onto mgp: ¥ — vz,. Let dgm (@, 0) < dg,(n~ (@), n~(v))

n: Yz, — ¥ be the embedding dZ, into G") as described — llg(us) — g(0)]

earlier in this proof. Define) : ¥ — 9 asv := (no&). We = llgitz) = 9102/l

will now show that, for everyu € 9/, the nodey(u) € 7, where| - ||; denotes the vectar-norm,

which has a corresponding node in the lattice, is within a

uniformly bounded graphical distance @f Since f'(u) either < Vd||g(u) — g(v.)||
lies in the ball centered ag(u.) or in the gaps between — Vil f(@) — f(o from (20
that ball and the neighboring ballgf’(u) — g(u.)|| < Vd. \/_Hf(qf) B J@IIC (20)
Therefore, = Vddg(u, 7).
de(u, p(w) < |1 (u) = g(uw)|| + |lg(us) — F (9(u Because of the way the drawinfy is constructed, we have
) S 1570 =)l + o) — ) e B e oty sy
<Vd+ 5 < 5\/3, (18) df(v,0) = df(u,v) + 2. So we have
where we have used the fact th&t(v(u)) € B(g(u.), 3). dg (u,v) < 2+ hv/d (df(u, v) + 2)
From Lemma 1 and the denseness of fhdrawing ofG, we = 2(c+ hVd) + hVd dg(u,v).
et
J From Lemma 1, we see that the asymptotic distance yatio
dg(u,¥(u)) < ady(u,(u)) + 0 for the f-drawing ofG, which establishes that is a dense
= aydp (u,p(u)) + B drawing of G in R<. It follows thatG is dense inR<.
< §a7\/g + 8. To prove the relationship (7) for any dense drawjihgonsider
2 again the scaled drawingf defined asf’ = f/~, so that the
Define maximum uncovered diameter ¢f is 1. Sinceg is dense
3 in R?, Z, can be embedded i) with an embedding; :
ci= (5047\/34' B1, (19) 2, — ¥. We choose the embeddingas described in the

first part of the proof. For every, € 7, call u, = &(u),
where¢ : ¥ — 7z, was defined earlier in this proof for
the f’ dense drawing of;. Now consider two arbitrary nodes
u,v € VY and letu, := &(u), v, := {(v) (see Figure 6). It
(<) We have to prove that if (i) and (ii) are satisfied, thgis was shown earlier in this proof that for every pair of nodes
dense inR<. We will construct a drawing of G in R? with the u,v € ¥, we havedg(u,n(u.)) < ¢ anddg(v,n(v.)) < ¢,
following procedure and then prove that it is a dense drawingherec is defined in (19).

which is a constant independent ofand v. Then for every
u € v, there exists ai := ¥(u) € n(Vz,) C ¥ such that
dg(u, @) < ¢, which is the desired condition (ii).
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Fig. 6. Natural drawing of the-D lattice (gray/brown) superimposed on ) ) ) ) )

the f/ drawing ofG. Edges are not shown to prevent clutter. In this examplé:,'_g- 7. 2D lattice with certain fraction of nodes removed Im_nuiate node

u=a butv # 7. failure. Nodes are shown as dots, except nodes that belodg¢onnected
components created due to failed nodes, which are showrnrassciEdges
are not shown to avoid clutter. The superimposed grid hdssizd equal to
L x L, cell boundaries being shown in solid lines.

Now,
However, this violates the condition thatl? + 3 < L — 1.
dz,(uz,vz) = [|9(uz) = g(v2)lla Moreover, each of these boundary nodes are connected to one
< Vd||g(uz) — g(v.)|, another by a path that lies entirely .. For, if not, there
and must be a “fault line” created by failed nodes that divides th

cell into a left and a right (or, top and bottom) half, which
llg(uz) — g(v)|l < llg(uz) — f(@)| + || f (@) — f'(u)]|+ requires the removal ol nodes. By the argument present
I1F/ () — F' )]+ |f ) — F'(@)]]+ above, such a situation cannot occur. Therefore, the larges
S connected component in each cell contains at least one node
1F(®) = g(v2)ll- from each of its four sides.

We know that|g(u.) — f'(w)]| < 3 < Td since f’(u) € Now consider two adjacent cells; andCs, sharing a common
B(g(u.), %)’ and||f'(v) — f'(0)|| < %\/E from (18). Using s_ide of lengthL. Pick a nodeb that belongs toGc, E.lnd
these in the above, we get lies on the common boundary betweéh and C5, which
exists by the arguments above. This nddelso belongs
lg(uz) —g(v:)ll < aVd + dg (u,v), to G¢,, since otherwise this node has to be separated from
the nodes inGc, by a “fault line” of failed/removed nodes,
which was impossible. Therefore, the graphs, and Gc,
are connected. Moreover, a conservative upper bound on the
graphical distance between two arbitrary nodegGi#n and
Ge, is 8L. Continuing this argument, we see that the largest
Proof of Proposition 1: Proving that the graph in the connected component in each cell is connected to those in
first example has the required properties is straightfaiwagdjacent cells, which proves that there is a giant connected
and is therefore omitted. For the second example crea@smponent formed by the nodes after removal of the failed
from a 2-D lattice after removal of a certain fraction ohodes fromZz,. We call this giant componegt. To prove that
its nodes, we first have to prove there is a giant connectgds dense ir2-D, first consider the natural drawing gfthat
component. First of all < m implies there exists a is obtained from that o%, after removal of the failed nodes.
positive integerL such thataL? + 3 < L — 1. Pick such a The largest uncovered diametgin this natural drawing ofj
L and superimpose a square grid on the natural drawingistrivially finite. To prove thap > 0, pick two arbitrary nodes
the lattice Z,, with each side of the grid having lengthy, « andv in G. The minimum number of adjacent cells of size
as shown in Figure 7. Pick an arbitrary céll The nodes in L x L one has to go through to go fromto v is no greater
C that have failed may divide the remaining nodes inside thigan [ML whered;(-,-) is the Euclidean distance in
cell into multiple connected components. Consider theelstrg the natural drawing of the latticB,. Therefore, the graphical
connected subgraph formed by the remaining nodes inside thi€tance between andv satisfies

cell, and call itG. = (7., E.). The edges irE,. are incident on VBd (u, v)
only those nodes that are entirely if.. There is at least one dg(u,v) < 8L[#1 <20dy(u,v).

node on each of the four boundaries(dthat is part ofG.. If L L .

not, all theL nodes on at least one side must either fail or d.eemma 1 now implies thap > ,0’ which proves denseness
removed from the largest component due to separation by geg - Sparseness @ follows trivially from the sparseness of
failed nodes. In both case, the number of nodes that must f&q" u

in a region of ared.? is at leastl, which meansxL?+3 > L. Proof of Lemma 6: We only provide the proof that the

d
=dz,(uz,vy) < 4d+ £df(u,v)
Y

which is the desired result. [ |
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2-dimensional lattice is not sparse & and is not dense in
R3. The general case for arbitrary dimensions is analogous.
To prove by contradiction the lack of denseness, assume that
there exists a dense drawirfgof Z, in R3, with associated

v < oo and p > 0. Fix the origin of R* at f(u) for an
arbitrary nodeu in the latticeZ,. For an arbitraryD > 0, the
volume of the sphere iR? centered at the origin with diameter
D, denoted by33(0, D), is Q(D?). Therefore the number of
nodes ofZ, drawn insideB?(0, D) is Q((%)3) = Q(D3). It

is straightforward to show that for any setsfdistinct nodes

in the lattice Z,, the maximum graphical distance between
any two nodes in the set 8(y/n). Therefore the maximum
graphical distance between the nodes3it(0, D) is Q(D?).

The maximum Euclidean distance between any two nodes
drawn inside the spherB?(0, D) under thef-drawing is at
most D, and sincef is a dense drawing, it follows from
Lemma 1 that for every pair of nodes,v in Zy such
that f(u), f(v) € B3(0,D), we havedg(u,v) < aD + b.
Therefore, the maximum graphical distance between pairs of
nodes whose drawing falls insid&*(0, D) is O(D), as well
as(D?), which is a contradiction for sufficiently largs.
Hence no dense drawing &, in R? is possible.

To showZ, is not sparse inR, assume that there exists a
civilized drawing ofZ, in R with s > 0 andr < oo, where

r ands are constants. Consider a subgrapf,,) of Z, that
consists of all nodes within a Euclidean distancé&om the
origin. The total number of nodes in this finite subgraph is
Q(n?). The length of the interval,, in which the nodes of this
subgraph are located in the spatsé drawing ofZ, is clearly

L = Q(sn?). Since the maximum graphical distance between
any two nodes in the subgra@h,, is n by construction, the
maximum connected range in thed drawing must be at least
r > L = Q(sn). Since this must be true for every r cannot
be a finite constant. Thus, no civilized drawing 6§ in R
exists. [ |
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